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Abstract: We extend the cohomological analysis in arXiv:1410.5831 of anisotropic Lif-
shitz scale anomalies. We consider non-relativistic theories with a dynamical critical expo-
nent z = 2 with or without non-relativistic boosts and a particle number symmetry. We
distinguish between cases depending on whether the time direction does or does not induce
a foliation structure. We analyse both 1 + 1 and 2 + 1 spacetime dimensions. In 1 + 1
dimensions we find no scale anomalies with Galilean boost symmetries. The anomalies
in 2 + 1 dimensions with Galilean boosts and a foliation structure are all B-type and are
identical to the Lifshitz case in the purely spatial sector. With Galilean boosts and without
a foliation structure we find also an A-type scale anomaly. There is an infinite ladder of
B-type anomalies in the absence of a foliation structure with or without Galilean boosts.
We discuss the relation between the existence of a foliation structure and the causality of
the field theory.
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1 Introduction
Scale anomalies in non-relativistic theories have been the subject of recent studies. Specif-
ically, in the context of Lifshitz field theories satisfying an anisotropic scale symmetry of
the form:
t→ λzt, xi → λxi, i = 1, . . . , d, (1.1)
it has been found that the allowed structures for scale anomalies satisfying the Wess-Zumino
consistency conditions vary depending on the values of the dynamical exponent z and the
dimension d [1]. In all cases studied only B-type anomalies were found [1]. The anomaly
coefficients for z = 2 in 2 + 1 dimensions were computed in particular examples using heat
kernel and holography in [2, 3]. The authors of [4, 5] extended the study to non-relativistic
theories with Galilean boost symmetry through a null reduction of a relativistic theory in
one higher dimension.
A complete classification of scale anomalies consistent with the Wess-Zumino consis-
tency conditions in non-relativistic theories is valuable, and is likely to have theoretical
as well as experimental manifestations (e.g. at quantum critical points). It could, for
instance, lead to non-relativistic RG flow theorems for anomaly coefficients [6, 7], or a
non-relativistic generalization of the relation between scale and conformal invariance [8].
In this paper we present a complete classification of non-relativistic scale anomalies
in various setups, by analysing the appropriate cohomology in a curved background. This
includes a separate analysis for cases, in which the time 1-form does not induce a foliation
structure, i.e., when it does not satisfy the Frobenius condition. In some of the setups
studied, we take into account an additional Galilean boost symmetry accompanied by a
background U(1) gauge field associated to particle number. We focus our analysis on the
case of z = 2 in 1 + 1 and 2 + 1 dimensions, however the prescription we present is valid
also for other dimensions and the analysis can be extended in a straightforward manner.
The generalizations to other values of z are non-trivial since in the case of z 6= 2 the gauge
and scale transformations do not commute. We leave this for future study.
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In order to couple our theory to a curved background and perform the cohomological
analysis we use both a spacetime metric gµν and a 1-form tµ representing the time direction
to build our cohomological invariants. Our description is equivalent to the Newton-Cartan
geometry [4, 9–16] which we review in subsection 2.4.
We find that in 1+1 spacetime dimensions, when we impose Galilean boost symmetry
the theory has no anomalies for z = 2. In 2 + 1 dimensions for a z = 2 Galilean theory we
find the following results. When the time direction induces a foliation there are no boost
invariants outside the purely spatial sector.1 In the purely spatial sector the anomalies are
identical to the Lifshitz case [1]. In the absence of a foliation structure there are no boost
invariants with less than four derivatives. In [4] it has been claimed that for the case of
z = 2 Galilean theories, the results can be derived from a null reduction of a relativistic
theory in one higher dimension. This implies the existence of an A-type anomaly (in the
terminology of [18]) in 2 + 1 dimensions. We indeed establish this using our cohomological
analysis directly in 2+1 terms rather than using the null reduction (see equation (5.13)).
This allows us to directly compare our results to the Lifshitz case. In all the other cases
we consider all anomalies are B-type. In the cases without a foliation structure (with or
without Galilean boosts) there is an infinite ladder of anomalies generated by multiplying
B-type anomalies by the spatial anti-symmetric part of the derivative of the normalized
time direction. We discuss possible consequences of an absence of a foliation structure.
This paper is organised as follows. In section §2 we describe the various choices that
have to be made when coupling our theory to curved spacetime. We include a comparison
with the Newton-Cartan geometry of [9]. In section §3 we present the Ward identities and
describe the cohomological setup which we use to study the anisotropic scale anomalies.
We include in this section a classification by sectors. In sections §4 and §5 we detail our
results for the various setups in 1 + 1 and 2 + 1 dimensions with z = 2. We conclude in
section §6 with a list of possible future directions. Most of the technical details are left for
appendixes.
2 Coupling to Curved Spacetime
We consider a non-relativistic theory in d + 1 dimensions with the anisotropic scale sym-
metry (1.1). On a curved spacetime, the relevant geometric data is the metric gµν or
alternatively the vielbeins eaµ, a 1-form tα that represents the time direction
2 (or the
normalized nα: nαn
α = −1) and possibly a U(1) gauge field Aµ (that corresponds to a
conserved particle number). We extend our previous results from [1] regarding Lifshitz
anomalies both to cases that have in addition non-relativistic Galilean boost invariance,
and to cases in which the time direction is possibly not hypersurface orthogonal, i.e. does
1Recently, there has been a calculation in [5] that seems to be in contradiction with our findings. As we
will discuss in section 5.1, the number of independent expressions in our analysis is less than in [5], and we
therefore expect that not all expressions used for the calculation in [5] are independent.
2As in the Frobenius case, the 1-form tα is not unique since a locally rescaled 1-form ftα represents the
same time direction.
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not satisfy the Frobenius condition:
n[α∇βnγ] = 0, (2.1)
which in the differential form language reads n ∧ dn = 0. Note, that even when (2.1) is
satisfied we cannot specialize in our analysis to the case dn = 0 since this condition is not
invariant under anisotropic Weyl transformations.
In our analysis we distinguish between four cases:
1. With Frobenius and Galilean boost invariance – This case was considered in [5]. As
mentioned in the introduction we disagree with their results.
2. With Frobenius and no Galilean boost invariance – this is the case of Lifshitz field
theories, studied in our previous paper [1] as well as [2, 3] and most of past literature
on scaling anomalies in Lifshitz field theories. In most of these cases the ADM
decomposition is used, which implies that the Frobenius condition is satisfied.
3. Without Frobenius and with Galilean boost invariance – This case was considered in
[4] by relating it to a relativistic case in d+ 2 dimensions via a null reduction.
4. Without Frobenius and with no Galilean boost invariance – This case has not been
considered in the literature so far.
Our aim is to compare the cohomology of scaling anomalies in these four cases and consider
how the aforementioned choices influence the results.
2.1 Implications of the Absence of a Foliation Structure
In analysing the cases 3 and 4 outlined above, we will be considering a curved background
where the 1-form nµ does not satisfy the Frobenius condition (2.1). Thus, the curved
background lacks a foliation structure. It has been noted in the literature (see e.g. [14]),
that such cases should be avoided since they imply a breakdown of causality in the non-
relativistic field theory. The argument is based on Caratheodory’s theorem (see e.g. [17]
theorem 6.13). The theorem asserts that if the Frobenius condition is not satisfied at a
point x, then there is a neighborhood of x where any point in the neighborhood can be
reached from x by a future directed curve. This implies a lack of causal structure.
On the other hand, the non-relativistic field theories whose scale anomalies we wish to
analyse, are defined in flat space which does have a foliation and therefore has a natural
causal structure. The curved background structure to which we couple the theories is only
providing sources to the various field theory currents. In particular, the 1-form nµ couples
to the field theory energy current. Imposing the Frobenius condition on the source nµ
means that we do not allow a calculation of correlations functions of all the components of
the energy current. There is, however, no a priori reason for such a requirement and it is
not obvious how it follows from any causality requirement imposed on the non-relativistic
field theory in flat space.
– 3 –
What Caratheodory’s theorem certainly implies is that one should take care when
attempting to mathematically formulate and calculate the correlation functions of all the
components of the energy current using the background 1-form source nµ, and it is possible
that there is no such consistent framework. However, we see no such mathematical difficulty
when using this source that does not satisfy the Frobenius condition in the cohomological
calculation. As pointed out above, there is a major difference between the scale anomalies
depending on whether the 1-form source satisfies the Frobenius condition or not. While
with a Frobenius condition one has only B-type anomalies, we find that without a Frobenius
condition one can have an A-type non-relativistic scale anomaly as well as an infinite
number of B-type anomalies.
In studying the non-Frobenius case, we closely follow [1] in terms of notations. Al-
though the time 1-form no longer represents a foliation as it does in the Frobenius case,
many of the definitions used in the Frobenius case may be easily extended to this case.
In particular, one can still decompose any tensor to components which are tangent and
normal to the space directions (using the time direction nµ and the projector on the space
directions Pµν = gµν + nµnν).
Generally, the covariant derivative of the 1-form nα can be decomposed as follows:
∇αnβ = (KS)αβ + (KA)αβ − aβnα, (2.2)
where (KS)µν , (KA)µν and aα are space tangent tensors (normal to the time direction)
that satisfy:
1. (KS)µν =
1
2Ln Pµν is symmetric and reduces to the extrinsic curvature of the foliation
in case the Frobenius condition is satisfied.
2. (KA)µν = P
µ′
µ P ν
′
ν ∇[µ′nν′] is anti-symmetric and vanishes in the Frobenius case.
3. aα = Ln nα is the acceleration vector.
As in the Frobenius case we can still define a space tangent derivative as follows:
∇˜µT˜αβ... ≡ Pµ′µ Pα
′
α P
β′
β . . .∇µ′ T˜α′β′..., (2.3)
for T˜αβ... a space tangent tensor. This definition still satisfies ∇˜ρPµν = 0. Using the
commutation of two such space derivatives one can show that for any space tangent vector
V˜α: [
∇˜µ, ∇˜ν
]
V˜α = R˜αρµν V˜
ρ + 2KAµνLn V˜α, (2.4)
where we have defined:
R˜αρµν ≡ Pα′α P ρ
′
ρ P
µ′
µ P
ν′
ν Rα′ρ′µ′ν′ − 2KAµνKαρ −KµαKνρ +KναKµρ, (2.5)
and:
Kαβ ≡ (KS)αβ + (KA)αβ. (2.6)
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In the Frobenius case, the tensor R˜αρµν reduces to the intrinsic Riemann tensor of the
foliation, however generally it does not have all of the regular symmetries of the Riemann
tensor. It is therefore useful to define a modified tensor:
R̂αρµν ≡ R˜αρµν + 2KAµνKSαρ +KAµαKSνρ +KSµαKAνρ −KAναKSµρ −KSναKAµρ, (2.7)
which satisfies the usual Riemann tensor symmetries except for the second Bianchi identity,
and coincides with R˜αρµν in the Frobenius case.
Many of the identities derived in our previous paper [1] can be generalized to the non-
Frobenius case (see appendix A.1). In general these identities will be modified with terms
involving KAµν . One example is the following set of relations between aα and K
A
µν :
∇˜[αaβ] = LnKAαβ, ∇˜[αKAβγ] = KA[αβ aγ]. (2.8)
Note that ∇˜µaν is no longer symmetric in this case.
We thus conclude that the main implications of the lack of a foliation structure on
our cohomological analysis is in the addition of the extra 2-form KAαβ to the list of basic
tangent tensors as it appears in [1], as well as the appropriate modifications to the various
identities satisfied by the basic tangent tensors.
2.2 Implications of Galilean Boost Symmetry
The symmetry group of Lifshitz theories is composed of time and space translations, ro-
tations and Lifshitz scaling. The generalization of these symmetries to a curved back-
ground is given by symmetries under time-direction-preserving diffeomorphisms (TPD)
and anisotropic Weyl transformations (see subsection 2.3). However, in many cases the
non-relativistic theory satisfies the full Schro¨dinger algebra. In curved spacetime we have
to consider two additional symmetries. In the terminology of [9] these are the Milne boosts
and a U(1) gauge symmetry.3
In the literature, the coupling of Galilean-invariant theories to a curved spacetime is
usually implemented using the Newton-Cartan geometry (see [4, 9–16]). However, since our
goal in this work is to compare the anisotropic scaling cohomologies of Galilean and non-
Galilean-invariant theories, we find it useful to have a joint framework for the description
of both types of theories on a curved background. We do this by including the gauge field
associated with the conserved particle number, along with the Milne boost and U(1) gauge
symmetries, in our previously developed framework. For our purposes, this description
is equivalent to the Newton-Cartan one. We compare our terminology with the Newton-
Cartan one in subsection 2.4.
The first implication of the Galilean symmetry is the presence of an additional gauge
field Aµ as in [4], associated to the particle number current. We can decompose the gauge
3The U(1) symmetry appears as a central extension of the Galilean algebra in the commutation relations
of the boosts and translation generators. In the absence of such a gauge field the theory would be a massless
non-relativistic theory, which we do not consider physical.
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field into space tangent and normal components as follows:
A0 ≡ nµAµ, A˜µ ≡ Pµ′µ Aµ′ . (2.9)
The gauge invariant data is encoded in the field-strength tensor Fµν , or alternatively in
the electric and magnetic fields, defined by:
Eµ ≡ Fµνnν , Bµν ≡ Pµ′µ P ν
′
ν Fµ′ν′ , (2.10)
both are space tangent.
The second implication of the Galilean symmetry is the presence of the gauge sym-
metry and the Milne boost symmetry. In cohomological terms, in this case we are looking
at the relative cohomology of the anisotropic Weyl operator with respect to Milne boosts
and gauge transformations, in addition to TPD. We are therefore required to restrict the
possible terms in the cohomology to ones which are both gauge invariant and Milne boost
invariant. The restriction to gauge invariant terms is easily achieved by using the electric
and magnetic fields rather than the gauge field itself, but the restriction to boost invari-
ant terms is less obvious. We accomplish it here by starting with all TPD and gauge
invariant terms, performing a Milne boost transformation on each of them and finding the
combinations which are boost invariant.4
In conclusion, the implications of the Galilean symmetry in our analysis is the addition
of the electric and magnetic fields to the list of basic tangent tensors as it appears in [1],
and the restriction of the various terms considered in the analysis to ones which are gauge
and Milne boost invariant.
2.3 The Relevant Symmetries
In this subsection, we detail the relevant symmetries for our problem and the way in which
they act on the various background fields: gµν , tµ, Aµ or alternatively for theories that
require a vielbein formalism eaµ, t
a, Aµ. In the following sections, whenever it is possible,
we refer to the most general case - the one that includes the gauge field and does not assume
the Frobenius condition - and the other cases are inferred by setting the gauge field or KAαβ
to zero. The cohomological analysis will then be performed for each case separately.
1. Galilean Boost invariance. That is, invariance under infinitesimal Milne boosts (in
the terminology of [4]) which are given by:
δB
W
nµ = Wµ, δB
W
nµ = 0,
δB
W
Aµ = −Wµ, δBW gµν = Wµnν +Wνnµ,
(2.11)
where Wµ is a space tangent (Wµnµ = 0) parameter of the transformation. Equiva-
4One could also start with basic boost invariant tensors such as Pµν + nµAν + nνAµ and use them to
build boost invariant scalars, but these would not be automatically gauge invariant, and one would have to
find the gauge invariant combinations. We have taken the other route here.
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lently in terms of the vielbeins:
δB
W
eaµ = W
anµ, δ
B
W
ea
µ = −Wµna, δBW ta = δBW na = 0. (2.12)
This is the curved space version of Galilean boosts:
xi → xi + vit, t→ t,
∂i → ∂i, ∂t → ∂t − vi∂i.
(2.13)
2. Gauge invariance. That is, invariance under a standard U(1) gauge symmetry asso-
ciated with particle number, given by:
δGΛAµ = ∂µΛ, δ
G
Λ gµν = δ
G
Λ tµ = δ
G
Λ e
a
µ = 0. (2.14)
3. Anisotropic Weyl invariance. That is, invariance under anisotropic Weyl transforma-
tions:
δWσ tα = 0, δ
W
σ (g
αβtαtβ) = −2σz(gαβtαtβ),
δWσ Pαβ = 2σPαβ, δ
W
σ nα = zσnα, δ
W
σ n
α = −zσnα,
δWσ Aµ = (2− z)σAµ,
(2.15)
where Pµν = gµν +nµnν is the spatial projector and the weight of the gauge field can
be determined from the Galilean algebra (more specifically from the commutator of
a translation and a Galilean boost). Alternatively, using the vielbeins:
δWσ (nae
a
µ) = zσnae
a
µ, δ
W
σ (P
a
b e
b
µ) = σP
a
b e
b
µ,
δWσ t
b = −zσtb, δWσ nb = 0.
(2.16)
4. Invariance under time direction preserving diffeomorphisms (TPD). These are diffeo-
morphisms that preserve the time direction, that is, diffeomorphisms with a param-
eter ξ that obeys Lξ tα ∝ tα. This can be extended to any diffeomorphism by having
the time direction 1-form transform appropriately:
δDξ gµν = ∇µξν +∇νξµ, δDξ tα = Lξ tα = ξβ∇βtα +∇αξβtβ,
δDξ Aα = Lξ Aα = ξβ∇βAα +∇αξβAβ,
(2.17)
or in vielbein formalism (we also include here local Lorentz transformations):
δDξ e
a
µ = ξ
ν∇νeaµ +∇µξνeaν , δDξ ta = ξν∇νta,
δDξ Aα = Lξ Aα = ξβ∇βAα +∇αξβAβ,
δLαe
a
µ = −αabebµ, δLα ta = −αabtb.
(2.18)
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Note, that when using the BRST description, one also has to define the action of δB
W
,
δGΛ , δ
W
σ , δ
D
ξ and δ
L
α on the Grassmannian parameters W
µ, Λ, σ, ξµ and αab such that
δ = δB
W
+ δGΛ + δ
W
σ + δ
D
ξ + δ
L
α is nilpotent. We detail them here only for the z = 2 case
which is the case we consider in this work:
δB
W
Wµ = 0, δGΛW
µ = 0, δWσ W
µ = −2σWµ, δDξ Wµ = LξWµ, δLαWµ = 0,
δB
W
Λ = 0, δGΛ Λ = 0, δ
W
σ Λ = 0, δ
D
ξ Λ = ξ
ν∇νΛ, δLαΛ = 0,
δB
W
σ = 0, δGΛσ = 0, δ
W
σ σ = 0, δ
D
ξ σ = ξ
ν∇νσ, δLασ = 0,
δB
W
ξµ = 0, δGΛ ξ
µ = 0, δWσ ξ
µ = 0, δDξ ξ
µ = ξν∇νξµ, δLαξµ = 0,
δB
W
αab = 0, δ
G
Λα
a
b = 0, δ
W
σ α
a
b = 0, δ
D
ξ α
a
b = ξ
ν∇ναab, δLααab = −αacαcb,
(2.19)
where LξWµ = ξν∇νWµ −∇νξµW ν .
2.4 Comparison with the Newton-Cartan Geometry
In this subsection we compare our notations and conventions to those of [9] in which the
non-relativistic setup used a Newton-Cartan (NC) geometry.
The NC geometry is defined in terms of the spatial metric without a priori referring
to an external full spacetime metric (which is ambiguous). The relevant curved data is the
spatial metric hµνNC , the local time direction n
NC
µ and the velocity vector v
µ
NC satisfying:
nNCµ h
µν
NC = 0, v
µ
NCn
NC
µ = 1, (2.20)
along with the gauge field ANCµ . This uniquely defines h
NC
µν such that:
hµαNCh
NC
αν = P
µ
ν = δ
µ
ν − vµNCnNCν , hNCµα vαNC = 0. (2.21)
These NC structures relate to our definitions as follows:
hNCµν = Pµν , n
NC
µ = nµ, v
µ
NC = −nµ,
ANCµ = Aµ, gµν = h
NC
µν − nNCµ nNCν .
(2.22)
The infinitesimal Milne boost transformations in the NC framework are given by:
vµNC → vµNC + hµνNCψν ,
hNCµν → hNCµν − (nNCµ P ρν + nNCν Pµρ )ψρ +O(ψ2),
ANCµ → ANCµ + P νµψν +O(ψ2).
(2.23)
This transformation corresponds to (2.11) with Wµ ≡ −hµνNCψν .
Next, we turn to the definition of the covariant derivative. Two choices are common
in the NC literature for the affine connection, both of which have non-vanishing torsion.
First, the gauge invariant connection, given by:
(
ΓNCGI
)µ
νρ
= vµNC∂ρn
NC
ν +
1
2
hµσNC(∂νh
NC
ρσ + ∂ρh
NC
νσ − ∂σhNCνρ ) + hµσNCnNC(ν FNCρ)σ , (2.24)
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where FNCρσ is the field strength associated with the U(1) gauge field. The second is the
boost invariant connection, given by:(
ΓNCBI
)µ
νρ
=
(
ΓNCGI
)µ
νρ
+ hµσNC
(
−ANCσ ∂[ρnNCν] +ANCν ∂[ρnNCσ] +ANCρ ∂[νnNCσ]
)
. (2.25)
We, however, use the standard torsionless Levi-Civita connection associated with the metric
gµν . The relation between this connection and the gauge invariant NC connection is given
by:
(Γ)µνρ =
(
ΓNCGI
)µ
νρ
+ nµ∇ρnν − Pµσn(νFρ)σ − Pµσnρ∇[νnσ] − Pµσnν∇[ρnσ], (2.26)
where ∇µ is the covariant derivative associated with the Levi-Civita connection. Note also
that when projected on space tangent directions (as in (2.3)), the Levi-Civita and the gauge
invariant NC connections coincide:
Γ˜µνρ ≡ Pµµ′P ν
′
ν P
ρ′
ρ Γ
µ′
ν′ρ′ = P
µ
µ′P
ν′
ν P
ρ′
ρ
(
ΓNCGI
)µ′
ν′ρ′ , (2.27)
whereas the space projected boost invariant NC connection is given by:
Pµµ′P
ν′
ν P
ρ′
ρ
(
ΓNCBI
)µ′
ν′ρ′ = Γ˜
µ
νρ − A˜µKAρν + (KA) µρ A˜ν + (KA) µν A˜ρ. (2.28)
We would like to stress that the choice of connection is not essential to the cohomolog-
ical analysis we are performing: The algebra of the various symmetries we are considering
does not depend on the choice of connection. In addition, since the difference between the
Levi-Civita connection and the NC ones is a tensor that is composed of the basic back-
ground fields (the metric, the time direction and the gauge field), any scalar written using
one connection can be decomposed as a combination of scalars written using the other.
The number of independent invariant expressions therefore does not depend on the choice
of connection either. While the Levi-Civita connection may be considered a less “natural”
choice for the Galilean case, it is nevertheless more convenient for our calculations, and
for the purpose of comparing them to the non-Galilean cases. The results can always be
translated to the NC formalism using the above formulas.
Finally, we compare the various field theory currents that couple to the background
fields, as defined in [1] and in subsection 3.1, to the NC ones as defined [9] (see also [16]).
The NC currents are defined from the variation of the action as follows:
δS =
∫ √−g [δANCµ JµNC − δv¯µNCPNCµ − δnNCµ EµNC − δh¯µνNC2 TNCµν
]
, (2.29)
where JµNC , PNCµ ,EµNC and TNCµν represent the particle number current, the momentum
density, the energy current and the spatial stress tensor respectively.5 The corresponding
5In this definition, the variation of nNCµ is unconstrained, whereas v
µ
NC and h
µν
NC are constrained to
satisfy equation (2.20). δv¯µNC and δh¯
µν
NC represent variations of v
µ
NC and h
µν
NC in the spatial directions,
which are unconstrained.
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currents in our conventions are defined via:
δS =
∫ √−g [1
2
Tµν(g)δgµν + J
αδtα + J
α
mδAα
]
. (2.30)
The relations between the currents in our conventions and the NC ones are then given by:
Tµν(e) =T
µν
NC − nµP νρPNCρ − nνEµNC ,
Jˆµ =PµρPNCρ − Pµρ EρNC ,
Jµm =J
µ
NC ,
(2.31)
where Tµν(e) = T
µν
(g) + J
µtν is the stress energy tensor associated with the vielbeins, and
Jˆα ≡ √−gµνtµtν Jα as defined in subsection 3.1.
3 The Cohomological Problem
Our main goal is to find the possible anomalous contributions to the Ward identity that
corresponds to Lifshitz scale symmetry in the various cases outlined in section 2, by finding
the non-trivial solutions of the Wess-Zumino consistency conditions. As in [1], we use the
cohomological description of the problem, in terms of a BRST-like ghost. In this description
one studies the relative cohomology of the nilpotent anisotropic Weyl operator δWσ with
respect to the other symmetries of the problem. The possible anomalies are terms Aσ of
ghost-number 1 and with the right scaling dimension which are cocycles (i.e. satisfy the
WZ consistency conditions):
δWσ Aσ = 0, (3.1)
with σ a Grassmannian transformation parameter, and are not coboundaries (i.e. cannot
be canceled by an appropriate counterterm):
Aσ 6= δWσ G({F}), (3.2)
for G a local functional of the background fields, where both A and G are invariant under
the rest of the symmetries of the problem.
3.1 Ward Identities
We start by studying the relevant Ward identities associated with the symmetries of sub-
section 2.3. Here again we refer to the most general case, with non-relativistic boost
invariance, a gauge field and in which the time direction is not hypersurface orthogonal.
Assume a classical action S(gµν , tα, Aα, {φ}) or alternatively S(eaµ, tb, Aα, {φ}), where {φ}
are the dynamic fields. Define the various currents as follows. The stress energy tensor:
Tµν(g) ≡
2√−g
δS
δgµν
∣∣∣∣
tα,Aα
, T(e)
µ
a ≡ 1
e
δS
δeaµ
∣∣∣∣
ta,Aα
. (3.3)
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The variation of the action with respect to the time direction 1-form:
Jα ≡ 1√−g
δS
δtα
∣∣∣∣
gµν ,Aα
=
1
e
ebα
δS
δtb
∣∣∣∣
eaµ,Aα
, (3.4)
as well as its normalized version:
Jˆα ≡
√
|gµνtµtν |Jα , (3.5)
and the mass current, given by:
Jαm ≡
1√−g
δS
δAα
∣∣∣∣
gµν ,tα
=
1
e
δS
δAα
∣∣∣∣
eaµ,tα
. (3.6)
Note that Jα is space tangent, i.e. Jαtα = 0, since the action is invariant under local
rescaling of the time direction 1-form. In cases where one can use either the metric or the
vielbein descriptions, the following relation exists between Tµν(g), T
µν
(e) ≡ T(e)µaeaν and Jα:
Tµν(e) = T
µν
(g) + J
µtν . (3.7)
For time direction preserving diffeomorphisms (TPD), the corresponding Ward iden-
tities are given by:
∇µTµ(g)ν = Jµ∇νtµ −∇µ(Jµtν) + Jµm∇νAµ −∇µ(JµmAν)
= Jˆµ∇νnµ −∇µ(Jˆµnν) + Jµm∇νAµ −∇µ(JµmAν),
(3.8)
or equivalently in terms of Tµν(e) :
T(e)[µν] = J[µtν] = Jˆ[µnν],
∇µT(e)µν = Jµ∇νtµ + Jµm∇νAµ −∇µ(JµmAν)
= Jˆµ∇νnµ + Jµm∇νAµ −∇µ(JµmAν).
(3.9)
The Ward identity corresponding to the U(1) gauge invariance is simply the conservation
of the current Jµm:
∇µJµm = 0. (3.10)
Using it we get a simplified version of the previous ward identities:
∇µTµ(g)ν = Jˆµ∇νnµ −∇µ(Jˆµnν) + JµmFνµ,
∇µT(e)µν = Jˆµ∇νnµ + JµmFνµ.
(3.11)
The Ward identity corresponding to anisotropic Weyl symmetry is given by:
D ≡ Tµν(g)Pµν − zTµν(g)nµnν +
2− z
2
JµmAµ
= Tµν(e)Pµν − zTµν(e)nµnν +
2− z
2
JµmAµ = 0,
(3.12)
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And finally, for the boost invariant cases, the Ward identity corresponding to Milne boosts
is given by:
PµαT
µν
(g)nν = PαβJ
β
m, (3.13)
or alternatively:
PναT
µν
(e)nµ = PαβJ
β
m, (3.14)
which is the famous statement of equality between particle number current and momentum
density.
In this work we study the possible form of the anomalous corrections to the anisotropic
Weyl Ward identity (3.12), assuming the other symmetries are not anomalous.
3.2 Constructing Time Direction Preserving Diffeomorphism Invariants
As explained in our previous paper [1], the cohomological analysis starts by constructing
all possible TPD invariant expressions of a certain Lifshitz scaling dimension. This can be
accomplished by taking all possible contractions of a set of basic space tangent tensors. A
tensor T˜αβγ... is called space tangent if
nαT˜αβγ... = n
βT˜αβγ... = . . . = 0. (3.15)
In the case without a foliation structure we have to add KAµν to the list of basic tangent
tensors. In the cases with Galilean boost-invariance, the electric and magnetic fields Eµ,
Bµν associated with the U(1) gauge symmetry are also included. The list of basic tangent
tensors then becomes:
1. The spatial metric Pµν = gµν + nµnν .
2. The acceleration vector aµ ≡ Ln nµ = nν∇νnµ.
3. The tensors KAµν , K
S
µν as defined in subsection 2.1.
4. The modified “intrinsic” Riemann tensor R̂µνρσ as defined in equation (2.7).
5. The space tangent Levi-Civita tensor: ˜µνρ... = nα
αµνρ....
6. Lie derivatives (temporal derivatives) in the direction of nα: Ln . Note that if some
tensor T˜αβ... is space tangent, then Ln T˜αβ... is also space tangent.
7. Space tangent covariant derivatives: ∇˜µT˜αβ... ≡ Pµ
′
µ Pα
′
α P
β′
β . . .∇µ′ T˜α′β′... for T˜αβ... a
space tangent tensor, as defined in equation (2.3).
8. The electric field Eµ and the magnetic field Bµν as defined in equation (2.10).
The various tensors were chosen such that they scale uniformly under anisotropic Weyl
scaling transformation with a scaling dimension dσ:
δWσ O = (dσ)σO + (∂σ), (3.16)
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where σ(x) is the Grassmannian local parameter of the anisotropic Weyl transformation
and ∂σ stands for any term proportional to derivatives of the ghost σ. The basic tangent
tensors have the following scaling dimensions:
dσ[Pµν ] = 2, dσ[P
µν ] = −2, dσ[R˜µνρσ] = dσ[R̂µνρσ] = 2,
dσ[˜αβ...] = d, dσ[˜
αβ...] = −d, dσ[KSµν ] = 2− z, (3.17)
dσ[K
A
µν ] = z, dσ[Ln T˜αβ...] = dσ[T˜αβ...]− z, dσ[∇˜αT˜αβ...] = dσ[T˜αβ...],
dσ[aα] = 0, dσ[Eµ] = 2− 2z, dσ[Bµν ] = 2− z,
where T˜αβ... is any space tangent tensor with uniform scaling dimension.
Various relevant identities for the basic tangent tensors are listed in appendix A.1. The
complete boost and Weyl transformation rules for these tensors are listed in appendixes
A.2-A.3.
3.3 Classification by Sectors
The various terms in the cohomology all have the form
∫ √−gφ, where φ is a scalar of
uniform scaling dimension −(d+ z), built from contractions of the basic tangent tensors of
subsection 3.2. Suppose that nKS , nKA , na, nR, n, n∇, nL, nB and nE are the number of
instances of the various basic tangent tensors (as indicated by the subscript) that appear
in φ, and nP the number of spatial metric instances required to contract them. For the
scaling dimension to be correct we require:
(2− z)nKS + znKA − znL + 2nR + dn + (2− z)nB + (2− 2z)nE − 2nP = −d− z. (3.18)
For all indices in φ to be contracted in pairs we require:
2nKA + 2nKS + na + n∇ + 4nR + dn + nE + 2nB = 2nP . (3.19)
From requirements (3.18) and (3.19) we obtain the conditions:
z[nKS − nKA + nL + nB + 2nE ] + 2nKA + na + n∇ + 2nR − nE = d+ z, (3.20)
na + n∇ + dn + nE is even. (3.21)
If we define nT ≡ nKS − nKA + nL + nB + 2nE as the total number of time derivatives
and nS ≡ 2nKA + na + n∇ + 2nR − nE as the total number of spatial derivatives in the
expression,6 we get the following form for these conditions:
znT + nS = d+ z, (3.22)
nS + dn is even. (3.23)
6In the non-Frobenius case, the numbers nT and nS do not have an obvious interpretation as the total
number of derivatives in the time and space directions (they may even become negative). However, it is
still useful to define them for the classification to sectors. With a slight abuse of language we will keep
referring to them as the total number of time and space derivatives respectively.
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The numbers nT , nS and n remain unchanged when applying the Weyl operator δ
W
σ
to any tangent tensor or when using identities relating different tangent tensors. We
therefore classify expressions according to sectors, each corresponding to specific values
of (nT , nS , n). When studying the cohomological problem we may focus on each sector
separately. We also define for convenience the total number of derivatives:
nD = nT + nS , (3.24)
which is always positive, unlike nT and nS .
Note that the time reversal and parity properties of the expressions in a certain sector
are given by:
T = (−1)nT , P = (−1)n . (3.25)
An important difference in the classification to sectors from the case studied in [1]
is that the negative contributions to equation (3.22) allow in some cases for an infinite
number of sectors. For z integer, the total contribution of the electric field is always
positive. This is not the case for the contribution of KA. In the case of z = 2 for instance,
the total contribution of KA is vanishing hence allowing for an infinite number of sectors,
each corresponding to a different number of derivatives nD. Each of these sectors may
(and in fact does, as we show in the following sections) contain a different set of possible
independent anomalies. Thus we conclude that a direct consequence of discarding the
Frobenius condition is the possibility of having an infinite set of independent anomalous
contributions to the Ward identities of the theory.
A final remark is in order, regarding the cases with Galilean boost invariance. As
mentioned in section 2, these cases require finding the combinations of expressions which
are invariant under Milne boosts. In order to make use of the classification to sectors for this
type of analysis, we define the scaling dimension of the boost transformation parameter
Wµ to be: dσ[W
µ] = −z, so that the scaling dimension of a scalar expression remains
invariant under δB
W
. As a consequence, for boost-ghost number 1 expressions, the boost
parameter Wµ contributes (nT , nS , n) = (1,−1, 0) to equation (3.22).
3.4 A Prescription for Finding the Anomalous Terms
In this subsection we give a detailed prescription for finding the anomalous terms in the
relative cohomology of the anisotropic Weyl operator for z = 2 and any d. The prescription
is as follows:
1. Identify the sectors. Those are the sets nT , nS and n satisfying (3.22), (3.23). The
cohomological analysis can be performed for each sector separately.
2. Build all TPD and gauge invariant expressions in each sector by contracting the basic
tangent tensors of subsection 3.2. Use the electric and magnetic field rather than the
gauge field itself to obtain gauge invariant expressions. We denote the independent
basis of expressions φi, taking into account the relevant identities from appendix A
and additional dimensionally dependent identities.
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3. For the cases with Galilean boost symmetry identify Milne boost invariant expres-
sions: Denote by χj all the independent TPD and gauge invariant expressions with
one Wµ in that sector. These span the possible results of the Milne boost transfor-
mations. Find the boost transformation δB
W
φi and express it as a linear combination
of χj . Suppose this linear combination is given by: δ
B
W
φi = Bijχj . Find the boost in-
variant combinations φBI = Diφi by studying the null space of BijDi = 0. From this
point on we keep φBIk , k = 1, . . . , nBI as our new independent basis of expressions,
where nBI is the number of independent boost invariant expressions.
4. To find the cocycles of the relative cohomology of the anisotropic Weyl operator:
– Build the integrated expressions of ghost number one: Ii =
∫ √−g σφi.
– Apply the Weyl operator δWσ to each of these terms to obtain ghost number two
expressions. Reduce each of them to a linear combination of independent expres-
sions of the form Lj =
∫ √−g σψj where ψj are ghost number one expressions.
Suppose these linear combinations are given by: δWσ Ii = −MijLj .
– Find all linear combinations of the basic ghost number one expressions E = CiIi
(where Ci are constants) that satisfy δ
W
σ E = 0, by solving the linear system
of equations: MijCi = 0. The space of solutions is the cocycle space. Let
Ei, i = 1, . . . , ncc be some basis for this space, where ncc is its dimension.
5. To find the coboundaries of the relative cohomology:
– Build the integrated expressions of ghost number zero: Gi =
∫ √−gφi.
– Apply the Weyl operator δWσ to each of them to obtain ghost number one ex-
pressions. Reduce each of them to a linear combination of the expressions Ii.
Suppose these combinations are given by: δWσ Gi = SijIj . The span of these
combinations is the coboundary space. Let Fi, i = 1, . . . , ncb be some basis for
this space, where ncb is its dimension.
6. Finally, to find the anomalous terms in the cohomology, check which of the cocycles
Ii are not in the span of the coboundaries Fi. We denote these by Ai, i = 1, . . . , nan,
where nan = ncc − ncb is the number of independent anomalies.
For distinguishing between A-type and B-type anomalies we use the same definitions
as in our previous paper. B-type anomalies are defined as Weyl invariant scalar densities
(trivial descent cocycles up to coboundary terms) whereas A-type anomalies have non-
trivial descent. This does not necessarily align with the definition of A-type anomalies as
topological invariants. For further discussion on this topic see [1].
4 Scale Anomalies for 1+1 Dimensions with z=2
In 1 + 1 dimensions the Frobenius condition is always satisfied, and the magnetic field Bµν
and modified “intrinsic” Riemann tensor R̂αρµν vanish identically. We study the Galilean
case here (as opposed to the Lifshitz one that was studied in the previous paper).
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The classification to sectors is done according to equation (3.20) which takes here the
form:
z[nKS + nL + 2nE + nW ] + [na + n∇ − nE − nW ] = 1 + z, (4.1)
where we have added the boost parameter for convenience when classifying the results of
the boost transformations.
For z = 2 we obtain:
2nKS + 2nL + 3nE + na + n∇ = 3. (4.2)
For the condition (3.21) to be satisfied we must have n = 1. We have the following
sectors: (nT , nS , n) = (0, 3, 1), (1, 1, 1) or (2,−1, 1). We find that there are no possible
anomalies in any of them. Note that in 1 + 1 dimensions there is no need to keep track of
indexes, and so we suppress them throughout this section.
4.1 The (0,3,1) Sector
The independent ghost number zero expressions in this sector are given by:
φ1 = aa
2, φ2 = a∇˜a, φ3 = ∇˜2a. (4.3)
All of them are invariant under boosts. The cohomological analysis is therefore identical
to the corresponding one in the previous paper [1], where we found no possible anomalies.
4.2 The (1,1,1) Sector
Here, the independent ghost number zero expressions are given by:
φ1 = KSa, φ2 = ∇˜KS , φ3 = Ln a. (4.4)
We first look for boost invariant combinations. The independent boost-ghost number one
expressions are given by:
χ1 = a
2W, χ2 = ∇˜aW, χ3 = a∇˜W, χ4 = ∇˜2W. (4.5)
Performing boost transformations on the ghost number zero expressions gives:
δB
W
φ1 = χ1 + χ3,
δB
W
φ2 = χ2 + χ3 + χ4,
δB
W
φ3 = χ1 + χ2 + χ3,
(4.6)
and it is easy to check that there are no boost invariants in this sector.
4.3 The (2,-1,1) Sector
This sector contains just one ghost number zero expression φ1 = E. This expression is
not boost invariant.
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5 Scale Anomalies for 2+1 Dimensions with z=2
The main case we study in this work is the one of 2 + 1 dimensions with a dynamical
exponent of z = 2. As detailed in previous sections, we compare 4 different cases in our
analysis:
1. The case with the Frobenius condition satisfied and Galilean boost invariance,
2. The case with the Frobenius condition satisfied and no Galilean boost invariance,
3. The case without the Frobenius condition and with Galilean boost invariance,
4. The case without the Frobenius condition and with no Galilean boost invariance.
While the second case was already studied in our previous paper [1], the others are new.
As noted in subsection 3.3, cases 3 and 4 (the ones in which the Frobenius condition is not
satisfied) contain an infinite number of sectors with increasing total number of derivatives
nD, while cases 1 and 2 contain only a finite number of sectors with nD ≤ 4. In this
work we restrict our attention to the sectors with nD < 4 and the parity even sector with
nD = 4 in all 4 cases, leaving other sectors to future work. In some of the cases we offer
some conclusions regarding other sectors as well.
For calculations in 2 + 1 dimensions it is convenient to define the scalars B, KA and
the tensors K˜αβ, K˜
S
αβ as follows:
Bµν ≡ B˜µν , KAµν ≡ KA˜µν , K˜αβ ≡ ˜αγKSγβ, K˜Sαβ ≡ K˜(αβ). (5.1)
In general, we find that cases 1,2 and 4 contain only B-type anomalies (in the sectors
we study), whereas case 3 contains both an A-type anomaly and B-type anomalies. We
also find that cases 3 and 4 allow for an infinite number of B-type anomalies.
5.1 With Frobenius and Galilean Boost Invariance
This case contains only a finite number of sectors:
– (2,0,0) - Details of calculations can be found in Appendix B.1,
– (2,0,1) - Details of calculations can be found in Appendix B.2,
– (1,2,0) - Details of calculations can be found in Appendix B.3,
– (1,2,1) - Details of calculations can be found in Appendix B.4,
– (0,4,0) and (0,4,1), which are left unchanged compared to the Lifshitz case as proven
below in subsection 5.1.1.
We find in general that boost invariant expressions only exist in the purely spatial
sectors (that is the ones with nT = 0, nS = 4), which are left unchanged compared to the
Lifshitz case studied in [1]. We therefore find only 1 possible anomaly in this case, which
is B-type and given in (5.7).
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This result is in contradiction with [5], where it is claimed that there is an A-type
anomaly in this case. The discrepancy can probably be traced to the fact that while
there are 12 independent ghost number zero expressions in the (0,4,0) sector (see equation
(4.34) in [1]), there are 16 expressions in [5] (equation (3.18)) that are being treated as
independent. We suspect the that these 16 terms are not independent and that this leads
to an incorrect result.
5.1.1 Proof of Boost Invariance of the Purely Spatial Sectors
In this subsection we prove that when the time direction is hypersurface orthogonal (that
is, the Frobenius condition is satisfied), all of the possible independent TPD invariant
expressions in the purely spatial sectors (the ones with nT = 0) are invariant under Galilean
boosts.
We start by noting that in this case KAµν = 0. We therefore have for the purely spatial
sectors:
nT = nKS + nL + nB + 2nE = 0, (5.2)
and therefore nKS = nL = nB = nE = 0. We are left with expressions containing only aµ,
∇˜µ, R̂αβγδ (which is in this case the same as R˜αβγδ) and the spatial projector Pµν . The
boost transformation properties of these tensors can be found in appendix A.2 and reduce
to the following in the Frobenius case:
δ˜B
W
Pµν = 0, δ˜
B
W
aµ = 0, [δ˜
B
W
, ∇˜µ] = 0, δ˜BW R˜αβγδ = 0, (5.3)
where we have defined δ˜B
W
to be the space projected boost transformation of a space tangent
tensor:
δ˜B
W
T˜αβγ... = P
α′
α P
β′
β . . . δ
B
W
T˜α′β′γ′... . (5.4)
Note that since δB
W
Pµν = 0, this projected boost transformation operator satisfies the
Leibniz product rule:
δ˜B
W
[
T˜αβ...µν...S˜γδ...
µν...
]
= δ˜B
W
T˜αβ...µν...S˜γδ...
µν... + T˜αβ...µν...δ˜
B
W
S˜γδ...
µν..., (5.5)
where T˜αβ...µν... and S˜γδ...µν... are space tangent tensors. Note also that for a scalar expres-
sion φ:
δB
W
φ = δ˜B
W
φ. (5.6)
From these properties we conclude that for any scalar φ built only from aµ, ∇˜µ and R̂αβγδ
we have δB
W
φ = 0. Therefore any scalar in the purely spatial sectors is boost invariant.
This implies that the purely spatial sectors of our previous paper [1] are left unchanged
since all the terms in these sectors are automatically boost invariant, and the rest of the
cohomological analysis for these sectors is the same. We are therefore left with the only
anomaly found there in the (0, 4, 0) sector:
A(0,4,0) =
∫ √−g σ (R̂+ ∇˜αaα)2 , (5.7)
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which is B-type. The cohomology of the (0, 4, 1) sector contained no cocycles.
5.2 With Frobenius and No Galilean Boost Invariance
This case was studied in full in our previous paper on Lifshitz cohomology. We repeat our
results here for completeness. The possible anomalies we found for this case were:
A
(2,0,0)
1 =
∫ √−g σ [Tr(K2S)− 12K2S
]
, (5.8)
A
(0,4,0)
2 =
∫ √−g σ (R̂+ ∇˜αaα)2 , (5.9)
where the superscript indicates the sector each of them belongs to, and we define:
KS ≡ (KS)µµ, T r(K2S) ≡ (KS)µν(KS)µν . (5.10)
Both of these anomalies are B-type.
5.3 Without Frobenius and with Galilean Boost Invariance
As explained in subsection 3.3, this case contains an infinite number of sectors. As pre-
viously stated, we restrict our analysis to the sectors with nD < 4 and the parity even
nD = 4 sector. These are the following sectors:
– (2,0,0) - Details of the calculations can be found in Appendix C.1,
– (2,0,1) - Details of the calculations can be found in Appendix C.2,
– (1,2,0) - Details of the calculations can be found in Appendix C.3,
– (1,2,1) - Details of the calculations can be found in Appendix C.4,
– (0,4,0) - Details of the calculations can be found in Appendix C.5. A summary of
the results is given in subsection 5.3.2.
In general we find no boost invariant expressions in the sectors with nD < 4. The sector
(0,4,0), however, does contain various boost invariant expressions. We find two possible
anomalies in this sector: one A-type anomaly and one B-type anomaly. The structure of
the cohomology in this sector mirrors the cohomology of relativistic conformal anomalies
in 3+1 dimensions. This is a consequence of the null-reduction as discussed in subsection
5.3.1. Note that out of all four different cases this is the only case that contains a possible
A-type anomaly. Therefore in order to find an A-type anomaly one has to both give up
the Frobenius condition and impose Galilean boost invariance.
We did not study in detail the sectors with nD > 4. However we can demonstrate that
these sectors contain an infinite number of B-type anomalies. The argument is detailed in
subsection 5.3.3.
– 19 –
5.3.1 Comparison with the Null Reduction
One can relate the Newton-Cartan structure defined on a (d+1)-dimensional manifoldMd+1
to the geometric structure of a (d+ 2)-dimensional Lorentzian manifold Md+2 with a null
isometry via the null-reduction procedure (see [4] and references therein). One considers a
(d+ 2)-dimensional manifold with a Lorentzian metric GAB and a null Killing vector n
M ,
and decomposes G along coordinates (x−, xµ), where x− is a coordinate along the integral
curves of the null vector nM . The various NC structures then arise as components of the
d+ 2 metric decomposed along these coordinates:
G = 2nNCµ dx
µ(dx− +ANCν dx
ν) + hNCµν dx
µdxν . (5.11)
It can then be shown that diffeomorphism invariance on Md+2 is equivalent to the com-
bination of diffeomorphism, Milne boost and U(1) gauge invariance on the NC manifold
Md+1.
7 Thus the problem of finding Milne boost and gauge invariant scalars on Md+1 is
mapped to the problem of finding scalars on Md+2 built from the metric GAB and the null
vector nM .8 The anisotropic Weyl transformation can also be introduced on the Md+2
manifold by defining (for z = 2):
δWσ GAB = 2σGAB, δ
W
σ nM = 2σnM . (5.12)
Using the null reduction we can derive several expectations for our cohomological
analysis for the (2 + 1)-dimensional, z = 2 case without Frobenius and with Galilean boost
invariance. First, note that both the total number of derivatives nD in an expression and
its Weyl scaling dimension dσ are preserved when reducing expressions from the Lorentzian
(3 + 1)-dimensional manifold to the (2 + 1)-dimensional manifold. We can therefore expect
the following:
1. Since there are no scalar expressions in the (3 + 1)-dimensional manifold with less
than 4 derivatives (nD < 4) and scaling of dσ = 4, we expect to find no boost and
gauge invariant expressions in the sectors with nD < 4.
2. Scalar expressions in the (3 + 1)-dimensional manifold that are built only from the
metric GAB and the Riemann tensor RABCD (but not from n
M ) have nD = dσ.
Therefore in the (2 + 1)-dimensional manifold the corresponding expressions satisfy
this relation too, which implies that such scalar expressions with the correct dimen-
sion of dσ = 4 belong to the sectors with nD = dσ = 4 in our analysis (that is the
sectors with 4 space derivatives). On the other hand, these expressions transform
under the Weyl transformation exactly like the corresponding expressions from the
7The U(1) gauge symmetry in the NC geometry appears as a symmetry under the reparameterization
of the x− coordinate on Md+2, while Milne boost symmetry appears as an ambiguity in the decomposition
of the metric G along these coordinates.
8There is a subtlety involved in this statement regarding the Frobenius condition: When the condition
is satisfied by nM , scalars that are built from contractions of the metric GAB , the curvature, nM and their
covariant derivatives do not exhaust all possible diffeomorphism invariant expressions, since there are other
scalars, such as a2 where a is defined via dn = a∧n, which cannot be written this way. Therefore including
only these scalars is equivalent to assuming the Frobenius condition is not satisfied.
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well-known 3 + 1 relativistic conformal case (since the metric transforms the same).
Therefore we expect the anisotropic Weyl cohomology in the nD = 4 sectors to mirror
the one from the 3 + 1 conformal case: The (0, 4, 0) is expected to contain one A-
type anomaly corresponding to the (3 + 1)-dimensional Euler density E4, one B-type
anomaly corresponding to the Weyl tensor squared W 2, and one coboundary corre-
sponding to the trivial R. The (0, 4, 1) sector (which we do not study in this work)
is expected to contain one B-type anomaly corresponding to the (3 + 1)-dimensional
Pontryagin density.
These expectations are indeed met in our results. Note that, while we use the null reduction
here to derive these expectations, our cohomological analysis is performed directly in the
2 + 1 setting and does not make use of the null reduction.
5.3.2 The (0,4,0) Sector
In this sector we find four boost invariant quantities which can be identified with the null
reduction of R2, W 2, E4 and R of the 3 + 1 dimensional theory up to multiplication
by some constant coefficient (see equation (C.17) and the definition of the φi-s in (C.14)).
As expected, out of these, there are three independent Weyl cocycles, one of which is a
coboundary. Hence we find two possible anomalies in this sector, given by the densities:
A(0,4,0)E4 =(∇˜µ + aµ)
(
4KABa
µ + 8EµK2A + 8KAK˜
µν
S aν + 4KAKS ˜
µνaν
+2(aν∇˜νaµ − aµ∇˜νaν)− 8˜µνKALn aν
)
+ (Ln +KS)
(
16KALnKA + 8KSK2A
)
,
A(0,4,0)
W 2
=(R̂+ ∇˜µaµ − 8KAB)2 + 12∇˜µKA(∇˜µ + aµ)B
+ 12˜µν∇˜νKA(∇˜µ + aµ)KS + 12˜µν∇˜µKALn aν
+ 24∇˜αKA∇˜βK˜αβS − 72KAEµ∇˜µKA − 36(LnKA)2.
(5.13)
Note that, as expected, A(0,4,0)E4 is a total derivative and an A-type anomaly while A
(0,4,0)
W 2
is a B-type anomaly (that is, a Weyl-invariant density). The details of the calculations,
as well as the method used for identifying the various expressions with the respective
(3 + 1)-dimensional expressions, can be found in Appendix C.
It is important to note how these results reduce to the ones of subsection 5.1 when we
require the Frobenius condition to be satisfied, that is when setting KA = 0. It is easy to
see that, when KA = 0, the B-type anomaly A(0,4,0)W 2 reduces to the single anomaly (5.7)
of subsection 5.1. The anomaly, A(0,4,0)E4 reduces to the expression 2(∇˜µ + aµ)(aν∇˜νaµ −
aµ∇˜νaν). While this expression is still a cocycle of the relative cohomology, it becomes a
coboundary in the KA = 0 case, and can be removed by adding the following counter term
to the action:
Wc.t. =
∫ √−g(1
2
aα∇˜α(a2) + 3
8
a4
)
, (5.14)
which is both gauge and boost invariant when KA = 0. This explicitly shows that in order
to obtain an A-type anomaly one has to forgo the Frobenius requirement.
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5.3.3 Sectors with More than Four Derivatives
While we have not fully studied the relative Weyl cohomology in the sectors with nD > 4
(there is an infinite number of such sectors), we show here that one can find an infinite
number of independent B-type anomalies in these sectors.
First, we note that the total contribution of KA to equation (3.20) is zero (for z = 2),
hence we are allowed to have as many KA instances as we want in our expressions. More
specifically, any scalar expression φ with scaling dimension 4 can be multiplied by KnA
(where n is any integer number) to get another expression (KA)
nφ with the same scaling
dimension.
We also note that for z = 2, KA is both boost and Weyl invariant (see Appendix
A.2 and A.3) and hence for any B-type anomaly density in the relative cohomology A,
(KA)
nA also represents a B-type anomaly (it cannot be a coboundary term as it is clearly
not a total derivative, and Weyl coboundaries are always total derivatives as explained
in [1]). For example, since A(0,4,0)
W 2
as defined in (5.13) represents a B-type anomaly with
nD = 4 derivatives, the expression A(n) = (KA)nA(0,4,0)W 2 represents a B-type anomaly with
nD = 4 + n derivatives in the relative cohomology for any n. We see that giving up the
Frobenius condition implies the possibility of having an infinite number of independent
anomalies. We emphasize that these are not necessarily the only anomalies in the sectors
with nD > 4. A full cohomological analysis is required in order to obtain all possible
anomalies in these sectors.
5.4 Without Frobenius and with No Galilean Boost Invariance
As explained in subsection 3.3, like the previous case, this case contains an infinite number
of sectors. We again restrict our attention to the sectors with nD < 4 and the parity even
nD = 4 sector, which are the following sectors:
– (2,0,0) - Details can be found in Appendix D.1,
– (2,0,1) - Details can be found in Appendix D.1,
– (1,2,0) - Details can be found in Appendix D.1,
– (1,2,1) - Details can be found in Appendix D.2,
– (0,4,0) - Details can be found in Appendix D.3.
Altogether we find 6 different possible anomalies in these sectors, all of which are B-
type: The (2, 0, 0), (2, 0, 1) and (1, 2, 1) sectors remain unchanged from the Lifshitz case
with the Frobenius condition satisfied, which was studied in [1]. Therefore as in that case,
the sector (2, 0, 0) contains only the B-type anomaly given by the density:
A(2,0,0)1 = Tr(K2S)−
1
2
K2S , (5.15)
the (2, 0, 1) sector is empty and the (1, 2, 0) has no possible anomalies. The (1, 2, 1) sector
is changed from the Frobenius case, and unlike that case, contains a B-type anomaly given
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by the density:
A(1,2,1)1 = KA
[
Tr(K2S)−
1
2
K2S
]
. (5.16)
Finally, the (0, 4, 0) sector is changed as well, and contains 4 different possible B-type
anomalies, given by the densities:
A(0,4,0)1 =K2A
[
Tr(K2S)−
1
2
K2S
]
,
A(0,4,0)2 =KALn 2KA +KAKSLnKA,
A(0,4,0)3 = K˜αβS (aα∇˜βKA + ∇˜α∇˜βKA),
A(0,4,0)4 =
(
R̂+ ∇˜αaα
)2
.
(5.17)
Note that out of these six anomalies, the ones labeled as A(2,0,0)1 and A(0,4,0)4 are the
same ones found in the Frobenius case, whereas the others are new and indeed vanish when
KA = 0.
As in the subsection 5.3, the sectors with nD > 4 were not studied in detail, but an
argument similar to the one outlined in subsection 5.3.3 is valid here as well, namely if A
represents a B-type anomaly in the relative Weyl cohomology then (KA)
nA represents one
as well. Therefore, for example, the expression: A(n) = (KA)n
[
Tr(K2S)− 12K2S
]
represents
an anomaly for any n (with nD = 2 + n derivatives). This structure can be clearly seen in
the anomalies labeled A(1,2,1)1 and A(0,4,0)1 above.
6 Conclusions and Summary
We have studied non-relativistic scale anomalies in various setups, using the cohomological
description of the WZ consistency conditions. These include cases with or without a folia-
tion structure (i.e. the Frobenius condition) and with or without Galilean boost invariance.
The analysis was carried out explicitly for dynamical exponent z = 2 both in 1 + 1 and in
2 + 1 dimensions. The results extend the analysis of Lifshitz scale anomalies in [1].
In 1 + 1 dimensions the Frobenius condition is automatically satisfied and we found no
anomalies in the case with Galilean boost invariance. In 2 + 1 dimensions we summarize
our findings in table 1 below.
The results of our cohomological analysis in 2+1 dimensions lead to several interesting
observations. First, when the Frobenius condition is imposed, there are no new possible
anomalies in the boost invariant case compared to the ones found in the Lifshitz case
discussed in [1], and in fact one is left only with the single anomaly from the sector with
4 space derivatives. Second, when the Frobenius condition is not imposed, it is possible
to have an infinite number of independent B-type anomalies. Third, the case with no
Frobenius condition imposed and no boost invariance does contain new possible B-type
anomalies over the Lifshitz case with Frobenius discussed in [1], but we found no A-type
anomalies (up to 4 derivatives). Finally, the case with no Frobenius condition imposed and
with boost invariance (which is the one studied in [4]) does contain an A-type anomaly
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With Boost Invariance Without Boost Invariance
Sector nan Sector nan
With
Frobenius
(0,4,0) 1 (see (5.7))
(2,0,0)
(0,4,0)
1 (see (5.8))
1 (see (5.9))
Without
Frobenius
(0,4,0)
nD > 4
2 (see (5.13))
infinitely many
(2,0,0)
(1,2,1)
(0,4,0)
nD > 4
1 (see (5.15))
1 (see (5.16))
4 (see (5.17))
infinitely many
Table 1. Number of anomalies in the different sectors for the relative Weyl cohomology in 2 + 1
dimensions and z = 2, denoted by the number of time and space derivatives and the parity property:
(nT , nS , n). nan denotes the number of anomalies. nD denotes the total number of derivatives.
in the parity even nD = 4 sector, and in fact the structure of the Weyl cohomology in
this sector mirrors the structure of the conformal case in 3 + 1 dimensions, as expected
from the null reduction and in agreement with [4]. This sector thus contains an A-type
anomaly corresponding to the Euler density in 3 + 1 dimensions and a B-type anomaly
corresponding to the Weyl tensor squared in 3 + 1 dimensions.
We therefore conclude that in order to have an A-type anomaly (at least up to four
derivatives) in the anisotropic Weyl cohomology in 2+1 dimensions and with z = 2 one has
to both impose Galilean boost invariance and give up the foliation structure of spacetime.
However in doing so, one introduces the possibility of having an infinite set of independent
anomalies in the cohomology. Whether this has any interesting implications or imposes
any restrictions on the underlying field theories is left for future study. In particular, the
issue of causality which we discussed should be addressed.
Since we have not fully studied the Weyl cohomology of the infinitely many sectors
with nD > 4 in the cases without the Frobenius condition, it would also be interesting
to study them in detail in the future, and try to prove our conjecture that there is no
A-type anomaly in the non-boost-invariant case. Another possibility for future work would
be comparing the various cases we have studied here for higher dimensions, as well as
understanding the cohomological structures of anomalies for z 6= 2 for each of these cases.
Several other research directions follow from our work. In terms of field theory, a
better understanding of the implications of the Frobenius condition when coupling a non-
relativistic theory to a curved spacetime would be desirable, both in the boost invariant and
the non-boost invariant cases. Studying the behavior of the various anomaly coefficients
along RG flows, and especially the one of the A-type anomaly in the boost invariant case,
could lead to RG flow theorems for non-relativistic theories. This is particularly interesting
since the value of z may change along the flow. It would also be interesting to address in
this context the issue of anisotropic scale versus full Schro¨dinger invariance.
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A Useful Formulas
In this appendix we gather various formulas required for the analysis presented in this
paper. The formulas are organized as follows:
– General identities and definitions can be found in subsection A.1,
– Milne boost transformation rules can be found in subsection A.2,
– Anisotropic Weyl transformation rules can be found in subsection A.3.
Throughout this appendix we use T˜αβ... to denote a generic space tangent tensor and
2d
= to denote equalities that only hold in 2 + 1 dimensions.
A.1 Definitions and Identities
In this subsection we present some definitions related to the basic tangent tensors as dis-
cussed in subsection 3.2 and identities that relate them to each other. We start by recount-
ing the definitions of the basic space tangent tensors.
A tensor T˜αβ... is called space tangent if it satisfies:
nαT˜αβγ... = n
βT˜αβγ... = . . . = 0. (A.1)
Any tensor can be rendered space tangent by projecting it on the space directions using
the space projector Pµν = gµν + nµnν . We decompose the derivative of the normalized
time one-form as follows:
∇αnβ = (KS)αβ + (KA)αβ − aβnα, (A.2)
where KSµν , K
A
µν and aµ are all space tangent tensors. aµ is the acceleration vector given
by:
aµ ≡ Ln nµ = nν∇νnµ. (A.3)
KSµν is symmetric and given by:
(KS)µν =
1
2
Ln Pµν . (A.4)
It reduces to the extrinsic curvature of the foliation if the Frobenius condition is satisfied.
We denote its trace by KS ≡ (KS)µµ. KAµν is antisymmetric and is given by:
(KA)µν = P
µ′
µ P
ν′
ν ∇[µ′nν′]. (A.5)
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It vanishes in the Frobenius case. We denote by Kαβ the total space tangent part of ∇αnβ,
that is:
Kαβ ≡ (KS)αβ + (KA)αβ. (A.6)
We also define the space tangent Levi-Civita tensor as:
˜µνρ... = nα
αµνρ.... (A.7)
The following identities follow immediately from the above definitions:
Ln Pαβ = 2KSαβ,
Ln Pαβ = −2KαβS + aαnβ + aβnα,
Ln ˜αβγ... = KS ˜αβγ...,
Ln ˜αβγ... = −KS ˜αβγ....
(A.8)
In theories with Galilean boost invariance we decompose the gauge field as follows:
A0 ≡ nµAµ, A˜µ ≡ Pµ′µ Aµ′ . (A.9)
We also define the electric and magnetic fields as follows:
Eµ ≡ Fµνnν , Bµν ≡ Pµ′µ P ν
′
ν Fµ′ν′ , (A.10)
where Fµν is the field strength of the gauge field Aµ.
In 2+1 dimensions the tensors KAµν and Bµν contain only one independent component
each, and it is convenient to define:
Bµν ≡ B˜µν , Bµν ˜µν = 2B,
KAµν ≡ KA˜µν , KAµν ˜µν = 2KA.
(A.11)
Additionally, when writing parity odd terms in 2 + 1 dimensions it is sometimes useful to
define the following tensors:
K˜αβ ≡ ˜αγKSγβ,
K˜Sαβ ≡ K˜(αβ),
(A.12)
so that K˜Sαβ contains the traceless part of K
S
αβ. It then follows that:
K˜[αβ] =
KS
2
˜αβ,
K˜αβ = K˜(αβ) + K˜[αβ] = K˜
S
αβ +
KS
2
˜αβ.
(A.13)
Given a space tangent p-form F˜αβ..., we define the space tangent exterior derivative as
follows:
(d˜F˜ )αβγ... ≡ PααP β
′
β P
γ′
γ (dF˜ )α′β′γ′..., (A.14)
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where dF˜ is the standard exterior derivative of F˜, and (d˜F˜ )αβγ... is a space tangent (p+1)-
form. It can then be easily shown that:9
d˜F˜ = dF˜ + n ∧ Ln F˜, (A.15)
where ∧ is the standard wedge product between forms. A general p-form Fαβ... can always
be decomposed as follows:
F = F˜ + n ∧ Fn, (A.16)
where F˜ is a space tangent p-form and Fn is a space tangent (p − 1)-form. For example,
from (A.2) we have the following decomposition for dn:
dn = 2KA − n ∧ a. (A.17)
From (A.16) and (A.17) one can show that:
dF = [d˜F˜ + 2KA ∧ Fn] + n ∧ [−Ln F˜− a ∧ Fn − d˜Fn]. (A.18)
Using (A.18) twice and noting that d2F = 0 we find the following identities:
d˜2F˜ = 2KA ∧ Ln F˜,
[Ln , d˜]F˜ = a ∧ Ln F˜.
(A.19)
Similarly, using (A.18) on dn and noting that d2n = 0 we find the following identities for
KAµν and aµ:
d˜KA = KA ∧ a,
d˜a = 2Ln KA,
(A.20)
or in index notation:
∇˜[α(KA)βγ] = (KA)[αβ aγ],
∇˜[αaβ] = Ln (KA)αβ 2d= ˜αβ(LnKA +KSKA).
(A.21)
Finally, using (A.18) on the field strength tensor Fµν we find the following identities for
the electric and magnetic fields (these are just the homogeneous Maxwell equations):
d˜B + 2KA ∧E = 0, (A.22)
Ln B + a ∧E + dE = 0. (A.23)
In the case of 2 + 1 dimensions, the first identity is trivial, and the second reduces to:
(Ln + kS)B + ˜µν(∇˜µ + aµ)Eν = 0, (A.24)
9We use bold symbols to designate p-forms.
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in index notation.
Next we turn to discuss space tangent derivatives and the Riemann tensor. Given a
space tangent tensor T˜αβ..., we define its space tangent covariant derivative as follows:
∇˜µT˜αβ... ≡ Pµ′µ Pα
′
α P
β′
β . . .∇µ′ T˜α′β′.... (A.25)
Note that both the spatial metric Pµν and the space tangent Levi-Civita tensor are covari-
antly constant under this derivative:
∇˜µPαβ = 0,
∇˜µ˜αβγ... = 0.
(A.26)
From this definition, the following formula holds for the exchange of space tangent deriva-
tives: [
∇˜µ, ∇˜ν
]
T˜αβγ... = R˜αρµν T˜
ρ
βγ... + . . .+ 2K
A
µνLn T˜αβγ..., (A.27)
where R˜αρµν is defined as the space tangent tensor:
R˜αρµν = P
α′
α P
ρ′
ρ P
µ′
µ P
ν′
ν Rα′ρ′µ′ν′ − 2KAµνKαρ −KµαKνρ +KναKµρ, (A.28)
and Rαρµν is the standard Riemann curvature associated with the covariant derivative ∇µ
and defined via:
[∇µ,∇ν ]Tαβγ... = RαρµνT ρβγ... + . . . . (A.29)
Note that in the case where nα satisfies the Frobenius condition, R˜αρµν reduces to the
intrinsic Riemann curvature of the foliation it induces. However generally this tensor does
not have all of the regular symmetries of the Riemann tensor. It is therefore useful to
define a modified Riemann tensor:10
R̂αρµν ≡ R˜αρµν + 2KAµνKSαρ +KAµαKSνρ +KSµαKAνρ −KAναKSµρ −KSναKAµρ
=⊥ Rαρµν − 2KAµνKAαρ −KSµαKSνρ −KAµαKAνρ +KSναKSµρ +KAναKAµρ,
(A.30)
which satisfies the usual Riemann tensor symmetries except for the second Bianchi identity
which is replaced by:
∇˜[σ|R̂αρ|µν] = 2
(
(∇˜ρ + aρ)KSα[σ|
)
KA|µν] + 2∇˜[σ|
(
KA|µ|αK
S
|ν]ρ
)
− α↔ ρ, (A.31)
where the antisymmetrization is everywhere on the σ, µ and ν indexes. We then define
the equivalents of the Ricci tensor and scalar for this modified Riemann tensor R̂αρµν as
follows:
R̂ρν ≡ Rµρµν = PαµR̂αρµν ,
R̂ ≡ R̂νν = P ρνR̂ρν .
(A.32)
10We use ⊥ Tαβ... to denote the space projection of the tensor Tαβ..., i.e. ⊥ Tαβ... ≡ Pα′α P β
′
β . . . Tα′β′....
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In 2 + 1 dimensions the modified Riemann tensor contains only one independent com-
ponent which we choose to be the scalar R̂. We can then write R̂αβγδ in terms of R̂:
R̂αβγδ
2d
=
R̂
2
(PαγPβδ − PαδPβγ), (A.33)
and the formula (A.27) takes the form:[
∇˜µ, ∇˜ν
]
T˜αβγ...
2d
= R̂Pα[µT˜ν]βγ... − 2KA(˜µνKSαρ + ˜[µ|αKS|ν]ρ − ˜[µ|ρKS|ν]α) T˜ ρβγ...
+ . . .+ 2KA˜µνLn T˜αβγ....
(A.34)
In the case where the Frobenius condition is satisfied, R˜αρµν and R̂αρµν coincide, and
equation (A.30) reduces to one of the Gauss-Codazzi relations for the foliation induced by
nα. We can also find generalizations for the other Gauss-Codazzi relations as follows:
⊥ (nαRαρµν) = −∇˜µKνρ + ∇˜νKµρ + 2KAµνaρ, (A.35)
⊥ (nαnµRαρµν) = −LnKSνρ +KρµKνµ + ∇˜(νaρ) + aνaρ, (A.36)
which are derived from the various projections of equation (A.29).
Using the generalized Gauss-Codazzi relations we can derive the following formula for
exchanging a space tangent derivative and a Lie derivative in the direction of nα:[
∇˜µ,Ln
]
T˜αβγ... = −aµLn T˜αβγ...
−
[
(∇˜ν + aν)KSµα − (∇˜α + aα)KSµν − (∇˜µ + aµ)KSαν
]
T˜ νβγ... + . . . .
(A.37)
Applying a Lie derivative to equation (A.27) and using formula (A.37) twice, we can derive
the following identity for the Lie derivative of R̂αβµν (this is a consequence of the d + 1
dimensional second Bianchi identity):
Ln R̂αβµν =R̂[α|ρµνKSρ|β] + R̂[µ|ραβKSρ|ν]
+
[(
∇˜(µ| + a(µ|
)(
∇˜|β) + a|β)
)
+KA(µ|ρK
Sρ|β)
]
KSνα
−
[(
∇˜(µ| + a(µ|
)(
∇˜|α) + a|α)
)
+KA(µ|ρK
Sρ|α)
]
KSνβ
−
[(
∇˜(ν| + a(ν|
)(
∇˜|β) + a|β)
)
+KA(ν|ρK
Sρ|β)
]
KSµα
+
[(
∇˜(ν| + a(ν|
)(
∇˜|α) + a|α)
)
+KA(ν|ρK
Sρ|α)
]
KSµβ .
(A.38)
We can use this identity to derive a similar expression for the Lie derivative of the scalar
R̂:
Ln R̂ = −2KSαµR̂αµ + 2(∇˜α + aα)(∇˜ρ + aρ)KSαρ − 2(∇˜α + aα)(∇˜α + aα)KS . (A.39)
Finally, we have the following formulas for integration by parts in terms of space
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tangent derivatives and Lie derivatives in the direction of nµ:∫ √−g∇˜µJ˜µ = −∫ √−gaµJ˜µ, ∫ √−gLn φ = −∫ √−gKSφ, (A.40)
where J˜µ is a space tangent vector and φ is a scalar.
A.2 Milne Boost Transformation Rules
In this subsection we detail the transformations of the various basic tangent tensors under
infinitesimal Milne boosts as derived from the definitions in (2.11), and in subsection A.1.
From (2.11) we have:
δB
W
nµ = Wµ, δB
W
nµ = 0,
δB
W
gµν = −Wµnν −W νnµ, δB
W
gµν = Wµnν +Wνnµ, (A.41)
δB
W
Pµν = 0, δB
W
P νµ = nµW
ν ,
δB
W
Pµν = Wµnν +Wνnµ.
From these transformations, and the expressions for the Levi-Civita connection and
the acceleration, we obtain:
δB
W
Γγαβ =
1
2
gγδ [∇α(Wβnδ) +∇α(Wδnβ) +∇β(Wαnδ)
+∇β(Wδnα)−∇δ(Wαnβ)−∇δ(Wβnα)] ,
P γγ′P
α′
α P
β′
β δ
B
W
Γγ
′
α′β′ = W
γKSαβ +Wα(KA)β
γ +Wβ(KA)α
γ ,
(A.42)
δB
W
aµ = 2W
νKAνµ + (W
νaν)nµ. (A.43)
For future convenience, we define the space projected boost transformation of a space
tangent tensor as follows:
δ˜B
W
T˜αβγ... = P
α′
α P
β′
β . . . δ
B
W
T˜α′β′γ′..., (A.44)
where T˜αβγ... is a space tangent tensor. Since δ
B
W
Pµν = 0, this projected boost transforma-
tion operator satisfies the Leibniz product rule:
δ˜B
W
[
T˜αβ...µν...S˜γδ...
µν...
]
= δ˜B
W
T˜αβ...µν...S˜γδ...
µν... + T˜αβ...µν...δ˜
B
W
S˜γδ...
µν..., (A.45)
where T˜αβ...µν... and S˜γδ...µν... are space tangent tensors, and for a scalar expression φ we
have:
δB
W
φ = δ˜B
W
φ. (A.46)
Therefore for a scalar φ built from contractions of space tangent tensors, we may safely
substitute δB
W
with δ˜B
W
in our analysis.
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The following space projected boost transformation rules can be derived from the
definitions and identities in subsection A.1:
δ˜B
W
Pµν = 0, (A.47)
δ˜B
W
aµ = −2KAµνW ν 2d= −2KA˜µνW ν , (A.48)
δ˜B
W
∇˜µT˜αβγ... = ∇˜µδBW T˜αβγ... +
[
KAµαWρ −KAαρWµ −KAµρWα
]
T˜ ρβγ... + . . .
2d
= ∇˜µδBW T˜αβγ... +KA [˜µαWρ − ˜αρWµ − ˜µρWα] T˜ ρβγ... + . . . ,
(A.49)
δ˜B
W
KAαβ = 0
2d−→ δ˜B
W
KA = 0, (A.50)
δ˜B
W
Ln Tαβγ... = Ln δ˜BW T˜αβγ... +W ρ∇˜ρT˜αβγ... +
[
(∇˜α + aα)W ρ
]
T˜ρβγ... + . . . , (A.51)
δ˜B
W
KSαβ =
1
2
(∇˜α + aα)Wβ + 1
2
(∇˜β + aβ)Wα, (A.52)
δ˜B
W
R̂αβµν = −∇˜µ(KAαβWν) + ∇˜ν(KAαβWµ)− ∇˜α(KAµνWβ) + ∇˜β(KAµνWα)
−KAαµ(∇˜[β + a[β)Wν] +KAαν(∇˜[β + a[β)Wµ]
+KAβµ(∇˜[α + a[α)Wν] −KAβν(∇˜[α + a[α)Wµ],
(A.53)
δ˜B
W
R̂ = −4∇˜α(KαβA Wβ)− 2KαβA (∇˜α + aα)Wβ
2d
= −4˜αβ∇˜αKAWβ − 6˜αβKA∇˜αWβ − 2˜αβKAaαWβ,
(A.54)
δ˜B
W
˜αβγ... = 0. (A.55)
Finally, for the transformation rules of the gauge field, the electric field and the magnetic
field we have the following:
δB
W
Aµ = −Wµ, (A.56)
δB
W
Fµν = −2∂[µWν], (A.57)
δB
W
Eµ = W
νFµν − 2nν∂[µWν] = W νFµν + LnWµ,
δ˜B
W
Eµ = W
νBµν + LnWµ,
(A.58)
δB
W
Bµν = 2n[µW
µ′Bµ′ν] − 2∇˜[µWν],
δ˜B
W
Bµν = −2∇˜[µWν] 2d−→ δ˜BWB = −˜µν∇˜µWν .
(A.59)
A.3 Weyl Transformation Rules
In this subsection we detail the transformations of the various basic tangent tensors under
(infinitesimal) anisotropic Weyl transformations. These transformations can be derived
from the definitions in (2.15), and in subsection A.1. Starting from (2.15), we have:
δWσ Pµν = 2σPµν , δ
W
σ n
µ = −zσnµ, δWσ nµ = zσnµ,
δWσ gµν = 2σgµν + 2(1− z)σnµnν , δWσ Pαα′ = 0.
(A.60)
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Next, from these transformations and the expression for the Levi-Civita connection and
the Lie derivative we obtain the following:
δWσ Ln T˜αβγ... = −zσLn T˜αβγ... + Ln δT˜αβγ...,
δWσ Γ˜
ν
µα = P
ν
α∇˜µσ + P νµ ∇˜ασ − Pµα∇˜νσ,
δWσ (∇˜µT˜αβγ...) = ∇˜µ(δWσ T˜αβγ...)− I[T˜ ]∇˜µσT˜αβ...
− (∇˜ασ)T˜µβγ... + ∇˜ρσPµαT˜ ρβ... − . . . ,
(A.61)
where I[T˜ ] is the number of indexes of T˜αβγ... and we have defined the space projected
Levi-Civita connection:
Γ˜νµα = P
ν
ν′P
µ′
µ P
α′
α Γ˜
ν′
µ′α′ . (A.62)
From these formulas, as well as the definitions and identities of subsection A.1, the following
Weyl transformation rules can be derived:
δWσ K
S
µν = (2− z)σKSµν + PµνLn σ,
δWσ aµ = z∇˜µσ,
δWσ K
A
µν = zσK
A
µν ,
δWσ K
A = (z − 2)σKA,
δWσ ˜αβ... = dσ˜αβ...,
δWσ R̂αρµν = 2σR̂αρµν + Pαν∇˜(ρ∇˜µ)σ − Pαµ∇˜(ρ∇˜ν)σ
+ Pρµ∇˜(α∇˜ν)σ − Pρν∇˜(α∇˜µ)σ,
δWσ R̂αµ = (2− d)∇˜(α∇˜µ)σ − Pαµ˜σ,
δWσ R̂ = −2σR̂− 2(d− 1)˜σ.
(A.63)
Finally, for the transformations of the gauge field, the electric field and the magnetic field
we have:
δWσ Aµ = (2− z)σAµ,
δWσ Fµν = (2− z)σFµν − 2(2− z)A[µ∂ν]σ,
δWσ Eµ = (2− 2z)σEµ − 2(2− z)nνA[µ∂ν]σ
= (2− 2z)σEµ − (2− z)[A˜µLn σ −A0∇˜µσ],
δWσ Bµν = (2− z)σBµν − 2(2− z)A˜[µ∇˜ν]σ.
(A.64)
Note that for z 6= 2, when applying a Weyl transformation to a gauge invariant ex-
pression one can obtain an non-gauge-invariant expression, since the U(1) and the scale
symmetries no longer commute in this case. For the case of 2 + 1 dimensions with z = 2,
these transformation rules reduce to:
δWσ B = −dσB = −2σB, δWσ Eµ = (2− 2z)σEµ = −2σEµ. (A.65)
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B The Case with Frobenius and Galilean Boost Invariance
In the following appendix we detail the calculations behind the results of the cohomolog-
ical analysis for the case with the Frobenius condition satisfied and with Galilean boost
invariance. The calculations are organized according to various sectors as explained in
subsection 5.1. In this case we set KA = 0 since the Frobenius condition is satisfied and
we include the gauge field contributions. The equations for classification by sectors (3.20),
(3.22) read:
nT = nKS + nL + nB + 2nE ,
nS = na + n∇ + 2nR − nE ,
2nT + nS = 4.
(B.1)
We use the notations of subsection 3.4 for the various expressions in the cohomological
analysis.
B.1 The (2,0,0) Sector
This sector contains the following ghost number zero, TPD and gauge invariant, indepen-
dent expressions:
φ1 = K
µν
S K
S
µν , φ2 = K
2
S , φ3 = LnKS ,
φ4 = B
2, φ5 = Eµa
µ, φ6 = ∇˜µEµ.
(B.2)
If we now define the independent boost-ghost number one expressions:
χ1 = W
µaνKSµν , χ2 = W
µaµKS , χ3 = KS∇˜µWµ, χ4 = KαβS ∇˜αWβ,
χ5 = Wµ∇˜µKS , χ6 = Wα∇˜βKSαβ, χ7 = aµLnWµ, χ8 = WµLn aµ,
χ9 = Ln ∇˜µWµ, χ10 = B˜µνaµWν , χ11 = B˜µν∇˜µWν , χ12 = ˜µνWν∇˜µB,
(B.3)
then the Milne boost transformations read δ˜B
W
φi = Bijχj , where Bij is given by:
Bij =

0 2 2 0 0 0 0 0 0 0 0 0
2 0 0 2 0 0 0 0 0 0 0 0
−2 0 0 0 1 0 1 1 1 0 0 0
0 0 0 0 0 0 0 0 0 0 −2 0
0 0 0 0 0 0 1 0 0 1 0 0
2 −1 0 2 −1 2 −1 0 1 0 1 1

. (B.4)
It is easy to check that no boost invariant combinations exist in this sector.
B.2 The (2,0,1) Sector
This sector contains the following ghost number zero, TPD and gauge invariant, indepen-
dent expressions:
φ1 = KSB, φ2 = LnB, φ3 = ˜µνEµaν . (B.5)
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Note that ˜µν∇˜µEν is related to the others by the Maxwell equation (A.24). The boost-
ghost number one expressions read:
χ1 = B∇˜αWα, χ2 = BaαWα, χ3 = KS ˜µν∇˜µWν ,
χ4 = ˜
µνLn ∇˜µWν , χ5 = Wα∇˜αB, χ6 = ˜µνaνLnWµ.
(B.6)
The Milne boost transformations read δ˜B
W
φi = Bijχj , where Bij is given by:
Bij =
 1 1 −1 0 0 00 0 1 −1 1 0
0 1 0 0 0 1
 , (B.7)
and there are no boost invariant expressions in this sector.
B.3 The (1,2,0) Sector
This sector contains the following ghost number zero expressions:
φ1 = KSa
2, φ2 = K
S
αβa
αaβ, φ3 = KSR̂, φ4 = KS∇˜αaα,
φ5 = K
αβ
S ∇˜αaβ, φ6 = aα∇˜αKS , φ7 = aα∇˜βKαβS , φ8 = ˜KS ,
φ9 = ∇˜α∇˜βKαβS , φ10 = aαLn aα, φ11 = Ln ∇˜αaα, φ12 = αβaα∇˜βB.
(B.8)
The boost-ghost number one expressions read:
χ1 = R̂∇˜µWµ, χ2 = Wµ∇˜µR̂, χ3 = R̂Wµaµ, χ4 = ˜∇˜µWµ,
χ5 = ∇˜µWµ∇˜νaν , χ6 = ∇˜µWν∇˜µaν , χ7 = Wµ∇˜µ∇˜νaν , χ8 = aµ∇˜µ∇˜νW ν ,
χ9 = a
µ˜Wµ, χ10 = a2∇˜µWµ, χ11 = aµaν∇˜µWν , χ12 = ∇˜µaµW νaν ,
χ13 = ∇˜µaνWµaν , χ14 = a2Wµaµ.
(B.9)
The matrix Bij for the Milne boost transformations reads:
Bij =

0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 1
1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1 0 1 0
0 0 14 0 0 0 0
1
2
1
2
1
2
1
2
1
2
1
2 0
0 0 12 1 0 2 1 0 1 0 0 0 0 0
1
2
1
2
1
2 1 1 1 1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 1 1
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 −12 0 0 0 0 −1 1 0 0 0 0 0

, (B.10)
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and no boost invariant combinations exist.
B.4 The (1,2,1) Sector
This sector contains the following ghost number zero expressions:
φ1 = ˜
µνaµ∇˜νKS , φ2 = K˜Sµνaµaν , φ3 = K˜Sµν∇˜µaν , φ4 = aµ∇˜νK˜µνS ,
φ5 = ∇˜µ∇˜νK˜µνS , φ6 = ˜µνaµLn aν , φ7 = Ba2, φ8 = B∇˜αaα,
φ9 = ˜B, φ10 = BR̂, φ11 = aα∇˜αB.
(B.11)
The boost-ghost number one expressions read:
χ1 = ˜
µνWµaνa
2, χ2 = ˜
µνWµaν∇˜αaα, χ3 = ˜µνWµaα∇˜νaα,
χ4 = ˜
µν∇˜µWνa2, χ5 = ˜µν∇˜µWαaαaν , χ6 = R̂˜µνaµWν ,
χ7 = ˜
µν∇˜α∇˜µWνaα, χ8 = ˜µν∇˜α∇˜µWαaν , χ9 = ˜µν∇˜µWν∇˜αaα,
χ10 = ˜
µν∇˜µWα∇˜νaα, χ11 = ˜µνWµ∇˜ν∇˜αaα, χ12 = ˜µν∇˜µR̂Wν ,
χ13 = ˜
µνR̂∇˜µWν , χ14 = ˜µν˜∇˜µWν .
(B.12)
The matrix Bij for the Milne boost transformations reads:
Bij =

0 −1 1 0 −1 −12 0 −1 0 0 0 0 0 0
−12 0 0 12 −1 0 0 0 0 0 0 0 0 0
0 12 −1 0 0 0 0 0 12 −1 0 0 0 0
0 −12 0 12 0 14 12 −12 0 0 0 0 0 0
0 0 0 0 0 14
1
2
1
2 1 0 −12 12 0 0
0 −1 1 0 −1 0 0 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −1
0 0 0 0 0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 −1 0 0 0 0 0 0 0

, (B.13)
and once again no boost invariant combinations exist.
C The Case without Frobenius and with Galilean Boost Invariance
In the following appendix we detail the calculations behind the results of the cohomological
analysis for the case in which the Frobenius condition is not satisfied and with Galilean
boost invariance. The calculations are organized according to various sectors as explained
in subsection 5.3. In this case we include contributions from the gauge field since we have
Galilean boost invariance and include KA since the Frobenius condition is not satisfied.
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The equations for classification by sectors (3.20), (3.22) become:
nT = nKS − nKA + nL + nB + 2nE ,
nS = 2nKA + na + n∇ + 2nR − nE ,
2nT + nS = 4.
(C.1)
This case contains an infinite number of sectors, but as explained in subsection 5.3 we focus
on the sectors with nD = nT + nS < 4 and the parity even sector with nD = 4. We again
follow everywhere the notations of subsection 3.4. All results agree with the expectations
from the null reduction as described in subsection 5.3.1 and in [4].
C.1 The (2,0,0) Sector
This sector contains the following ghost number zero, TPD and gauge invariant, indepen-
dent expressions:
φ1 = K
2
S , φ2 = Tr(K
2
S), φ3 = LnKS ,
φ4 = B
2, φ5 = ∇˜µEµ, φ6 = aµEµ.
(C.2)
The boost-ghost number one expressions are given by:
χ1 = KSa
µWµ, χ2 = K
αβ
S aαWβ, χ3 = a
µLnWµ,
χ4 = W
µLn aµ, χ5 = ∇˜αKαβS Wβ, χ6 = ∇˜µKSWµ,
χ7 = K
αβ
S ∇˜αWβ, χ8 = KS∇˜αWα, χ9 = Ln ∇˜αaα,
χ10 = B˜
µνaµWν , χ11 = B˜
µν∇˜µWν , χ12 = ˜µν∇˜µBWν ,
χ13 = KA˜
µνEµWν .
(C.3)
The Milne boost transformations read δ˜B
W
φi = Bijχj , where Bij is given by:
Bij =

2 0 0 0 0 0 0 2 0 0 0 0 0
0 2 0 0 0 0 2 0 0 0 0 0 0
0 −2 1 1 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −2 0 0
−1 2 −1 0 2 −1 2 0 1 0 1 1 2
0 0 1 0 0 0 0 0 0 1 0 0 −2

. (C.4)
It is easy to check that no boost invariant combinations exist in this sector.
C.2 The (2,0,1) Sector
This sector contains following three ghost number zero expressions:
φ1 = BKS , φ2 = ˜
µνaµEν , φ3 = ˜
µν∇˜µEν . (C.5)
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The boost-ghost number one expressions are given by:
χ1 = KS ˜
µνaµWν , χ2 = K˜
αβ
S aαWβ, χ3 = ˜
µνaµLnWν
χ4 = ˜
µνLn aµWν , χ5 = ∇˜αK˜αβS Wβ, χ6 = ˜µν∇˜µKSWν ,
χ7 = K˜
αβ
S ∇˜αWβ, χ8 = KS ˜µν∇˜µWν , χ9 = ˜µνLn ∇˜µWν ,
χ10 = BaµW
µ, χ11 = W
µ∇˜µB, χ12 = B∇˜µWµ,
χ13 = KAE
µWµ,
(C.6)
and the matrix Bij for the Milne boost transformations is given by:
Bij =
 0 0 0 0 0 0 0 −1 0 1 0 1 00 0 1 0 0 0 0 0 0 −1 0 0 −2
0 0 −1 0 0 0 0 0 1 0 −1 −1 2
 . (C.7)
No boost invariant combinations exist in this sector.
C.3 The (1,2,0) Sector
This sector contains the following ghost number zero expressions:
φ1 = KSa
2, φ2 = K
S
αβa
αaβ, φ3 = KSR̂, φ4 = KS∇˜αaα,
φ5 = K
αβ
S ∇˜αaβ, φ6 = aα∇˜αKS , φ7 = aα∇˜βKαβS , φ8 = ˜KS ,
φ9 = ∇˜α∇˜βKαβS , φ10 = aαLn aα, φ11 = Ln ∇˜αaα, φ12 = ˜αβaα∇˜βB,
φ13 = KA˜
µνEµaν , φ14 = ˜
µν∇˜µKAEν , φ15 = BLnKA, φ16 = KALnB,
φ17 = KABKS .
(C.8)
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Note that we have used the Maxwell equation (A.24) to relate some dependent terms. The
boost-ghost number one expressions read:
χ1 = R̂∇˜µWµ, χ2 = Wµ∇˜µR̂, χ3 = R̂Wµaµ,
χ4 = ˜∇˜µWµ, χ5 = ∇˜µWµ∇˜νaν , χ6 = ∇˜µWν∇˜µaν ,
χ7 = W
µ∇˜µ∇˜νaν , χ8 = aµ∇˜µ∇˜νW ν , χ9 = aµ˜Wµ,
χ10 = a
2∇˜µWµ, χ11 = aµaν∇˜µWν , χ12 = ∇˜µaµW νaν ,
χ13 = ∇˜µaνWµaν , χ14 = a2Wµaµ, χ15 = BKAWµaµ,
χ16 = BKA∇˜µWµ, χ17 = BWµ∇˜µKA, χ18 = KAWµ∇˜µB,
χ19 = ˜
µνKAaµWνKS , χ20 = ˜
µνKSKA∇˜µWν , χ21 = ˜µνWµKS∇˜νKA,
χ22 = ˜
µνWµKA∇˜νKS , χ23 = KAK˜µνS aµWν , χ24 = KAK˜µνS ∇˜µWν ,
χ25 = KA∇˜µK˜µνS Wν , χ26 = K˜µνS ∇˜µKAWν , χ27 = K2AEµWµ,
χ28 = KA˜
µνWµLn aν , χ29 = KA˜µνaνLnWµ, χ30 = ˜µνaµWνLnKA,
χ31 = ˜
µνKALn ∇˜µWν , χ32 = ˜µνWµLn ∇˜νKA, χ33 = ˜µνLnWµ∇˜νKA,
χ34 = ˜
µν∇˜µWν LnKA.
(C.9)
Since this sector contains a larger number of expression it will be more convenient to write
the Milne boost transformations explicitly (instead of the matrix Bij). These read:
δB
W
φ1 = χ10 + χ14 − 4χ19,
δB
W
φ2 = χ11 + χ14 − 2χ19 + 4χ23,
δB
W
φ3 = χ1 + χ3 − 2χ19 − 6χ20 + 4χ21,
δB
W
φ4 = χ5 + χ12 + 2χ19 − 2χ20 + 2χ21,
δB
W
φ5 = χ6 + χ13 + 2χ19 − 2χ20 + χ21 + 2χ23 + 2χ24 + 2χ26 + χ30 − χ34,
δB
W
φ6 = χ8 + χ11 + χ13 + 2χ19 + 2χ22 + 2χ30,
δB
W
φ7 =
1
4
χ3 +
1
2
χ8 +
1
2
χ9 +
1
2
χ10 +
1
2
χ11 +
1
2
χ12 +
1
2
χ13 +
1
2
χ19
+ χ22 − 3χ23 + 2χ25 + χ29,
δB
W
φ8 =
1
2
χ3 + χ4 + 2χ6 + χ7 + χ9 − χ19 − 2χ21 − 4χ22
+ 2χ23 − 2χ28 − 2χ30 − 2χ32,
(C.10)
δB
W
φ9 =
1
2
χ1 +
1
2
χ2 +
1
2
χ3 + χ4 + χ5 + χ6 + χ7 + χ8 − χ21 − 2χ22
+ 2χ23 − 2χ24 − 4χ25 − 2χ26 − χ28 − χ29 − 3χ31 + 2χ33 − 2χ34,
δB
W
φ10 = χ11 + χ13 + χ14 + 4χ23 + 2χ28 + 2χ29 − 2χ30,
δB
W
φ11 = χ7 − 2χ19 + 2χ20 − 2χ21 − 2χ28 − 2χ29 + 2χ30
− 2χ31 + 2χ32 + 2χ33 − 2χ34,
δB
W
φ12 = −1
2
χ3 − χ8 + χ9 − 2χ18 − χ19 − 2χ23 − 2χ29,
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δB
W
φ13 = χ15 + 2χ27 + χ29,
δB
W
φ14 = −χ17 − χ33,
δB
W
φ15 = χ17 − χ34,
δB
W
φ16 = χ18 + χ20 − χ31,
δB
W
φ17 = χ15 + χ16 − χ20,
and we find no boost invariant expressions in this sector.
C.4 The (1,2,1) Sector
This sector contains the following independent ghost number zero expressions:
φ1 = ˜
µνaµ∇˜νKS , φ2 = K˜Sαβaαaβ, φ3 = K˜αβS ∇˜αaβ, φ4 = aα∇˜βK˜Sαβ,
φ5 = ∇˜α∇˜βK˜αβS , φ6 = ˜µνaµLn aν , φ7 = Ba2, φ8 = B∇˜µaµ,
φ9 = ˜B, φ10 = BR̂, φ11 = aµ∇˜µB, φ12 = K2SKA,
φ13 = K
αβ
S K
S
αβKA, φ14 = KALnKS , φ15 = KSLnKA, φ16 = Ln 2KA,
φ17 = KAB
2, φ18 = aµE
µKA, φ19 = KA∇˜µEµ, φ20 = Eµ∇˜µKA.
(C.11)
The boost-ghost number one expressions read:
χ1 = ˜
µνa2Wµaν , χ2 = ˜
µν∇˜αaαWµaν , χ3 = ˜µνWµaα∇˜νaα,
χ4 = ˜
µνa2∇˜µWν , χ5 = ˜µνaαaν∇˜µWα, χ6 = R̂˜µνaµWν ,
χ7 = ˜
µνaα∇˜α∇˜µWν , χ8 = ˜µνaν∇˜α∇˜µWα, χ9 = ˜µν∇˜αaα∇˜µWν ,
χ10 = ˜
µν∇˜µWα∇˜νaα, χ11 = ˜µνWµ∇˜ν∇˜αaα, χ12 = ˜µν∇˜µRWν ,
χ13 = R̂˜
µν∇˜µWν , χ14 = ˜µν˜∇˜µWν , χ15 = ˜µνKABaµWν ,
χ16 = KAKSWµa
µ, χ17 = KAWµK
µν
S aν , χ18 = LnKAWµaµ,
χ19 = KAW
µLn aµ, χ20 = KAaµLnWµ, χ21 = ˜µνKAB∇˜µWν ,
χ22 = ˜
µνBWµ∇˜νKA, χ23 = ˜µνKAWµ∇˜νB, χ24 = KAKS∇˜µWµ,
(C.12)
χ25 = KSW
µ∇˜µKA, χ26 = KAWµ∇˜µKS , χ27 = KAWν∇˜µKµνS ,
χ28 = KA∇˜µWνKµνS , χ29 = ∇˜µKAKµνS Wν , χ30 = LnKA∇˜µWµ,
χ31 = W
µLn ∇˜µKA, χ32 = ∇˜µKALnWµ, χ33 = KALn ∇˜µWµ,
χ34 = ˜
µνK2AWµEν .
The boost transformations are given by:
δB
W
φ1 = −χ2 + χ3 − χ5 − 1
2
χ6 − χ8 + 2χ17 − 2χ20 − 2χ26,
δB
W
φ2 = −1
2
χ1 +
1
2
χ4 − χ5 + 2χ16 − 4χ17,
δB
W
φ3 =
1
2
χ2 − χ3 + 1
2
χ9 − χ10 − 2χ17 − χ18 + χ25 − 2χ28 − 2χ29 − χ30,
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δB
W
φ4 = −1
2
χ2 +
1
2
χ4 +
1
4
χ6 +
1
2
χ7 − 1
2
χ8 − χ16 + 3χ17 + χ18 + χ20 + χ26 − 2χ27,
δB
W
φ5 =
1
4
χ6 +
1
2
χ7 +
1
2
χ8 + χ9 − 1
2
χ11 +
1
2
χ12 +
1
2
χ13 +
1
2
χ14 − 2χ16
+ 3χ17 − χ18 − χ20 − χ25 − 4χ26 + 8χ27 + 6χ28 + 2χ29
+ 2χ30 + χ31 + 2χ32 + 3χ33,
δB
W
φ6 = −χ2 + χ3 − χ5 + 4χ16 − 4χ17 + 4χ18 − 2χ19 + 2χ20,
δB
W
φ7 = −χ4 − 4χ15,
δB
W
φ8 = −χ9 + 2χ15 − 2χ21 + 2χ22,
δB
W
φ9 = −χ14 − 2χ23, (C.13)
δB
W
φ10 = −χ13 − 2χ15 − 6χ21 + 4χ22,
δB
W
φ11 = −χ7 + 2χ23,
δB
W
φ12 = 2χ16 + 2χ24,
δB
W
φ13 = 2χ17 + 2χ28,
δB
W
φ14 = −2χ17 + χ19 + χ20 + χ26 + χ33,
δB
W
φ15 = χ18 + χ25 + χ30,
δB
W
φ16 = −χ18 − 2χ29 + 2χ31 + χ32,
δB
W
φ17 = −2χ21,
δB
W
φ18 = χ15 + χ20 + 2χ34,
δB
W
φ19 = −χ16 + 2χ17 − χ20 + χ21 − χ23 − χ26 + 2χ27 + 2χ28 + χ33 − 2χ34,
δB
W
φ20 = −χ22 + χ32,
and once again no boost invariant combinations exist in this sector.
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C.5 The (0,4,0) Sector
This sector contains the following independent ghost number zero expressions:
φ1 = R̂
2, φ2 = R̂a
2, φ3 = a
α∇˜αR̂,
φ4 = R̂∇˜αaα, φ5 = ˜R̂, φ6 = a4,
φ7 = a
α∇˜α(a2), φ8 = a2∇˜αaα, φ9 = (∇˜αaα)2,
φ10 = ∇˜(αaβ)∇˜(αaβ), φ11 = aα∇˜α∇˜βaβ, φ12 = ˜∇˜αaα,
φ13 = KABR̂, φ14 = KABa
2, φ15 = KAB∇˜µaµ,
φ16 = KAa
µ∇˜µB, φ17 = Baµ∇˜µKA, φ18 = ∇˜µKA∇˜µB,
φ19 = KA˜B, φ20 = B˜KA, φ21 = K˜SαβKAaαaβ,
φ22 = KAaµ˜
µν∇˜νKS , φ23 = KS ˜µνaµ∇˜νKA, φ24 = K˜αβS KA∇˜αaβ,
φ25 = KAa
α∇˜βK˜Sαβ, φ26 = K˜αβS aα∇˜βKA, φ27 = ˜µν∇˜µKA∇˜νKS ,
φ28 = KA∇˜α∇˜βK˜αβS , φ29 = ∇˜αKA∇˜βK˜αβS , φ30 = ∇˜α∇˜βKAK˜αβS ,
φ31 = ˜
µνaµKALn aν , φ32 = ˜µνLn ∇˜µKAaν , φ33 = ˜µν∇˜µKALn aν ,
φ34 = K
2
A∇˜µEµ, φ35 = KAEµ∇˜µKA, φ36 = aµEµK2A,
φ37 = K
2
AB
2, φ38 = KALn 2KA, φ39 = (LnKA)2,
φ40 = K
2
ALnKS , φ41 = KAKSLnKA, φ42 = KαβS KSαβK2A,
φ43 = K
2
SK
2
A.
(C.14)
The independent boost-ghost number one expressions in this sector are given by:
χ1 = R̂KA˜
µνWµaν , χ2 = R̂KA˜
µν∇˜µWν , χ3 = R̂˜µν∇˜µKAWν ,
χ4 = KA˜
µν∇˜µRWν , χ5 = KA˜µνa2Wµaν , χ6 = KA∇˜αaα˜µνWµaν ,
χ7 = KA˜
µνaα∇˜αWµaν , χ8 = ˜µνaα∇˜αKAWµaν , χ9 = KA˜µνWµaα∇˜(αaν),
χ10 = ˜
µνa2KA∇˜νWµ, χ11 = ˜µνa2Wµ∇˜νKA, χ12 = KA˜µνaα∇˜(α∇˜µ)Wν ,
χ13 = ˜
µνKA∇˜α∇˜αWµ aν , χ14 = ˜µνWµaα∇˜(α∇˜ν)KA,
χ15 = ˜
µνWµaν∇˜α∇˜αKA, χ16 = ˜µνKAWµ∇˜ν∇˜αaα,
χ17 = ˜
µνKA∇˜αaα∇˜µWν , χ18 = ˜µνKA∇˜µWα∇˜(νaα),
χ19 = ˜
µνaα∇˜αKA∇˜µWν , χ20 = ˜µνaα∇˜µWα∇˜νKA,
χ21 = ˜
µν∇˜αWα∇˜µKA aν , χ22 = ˜µνWµ∇˜νKA∇˜αaα,
χ23 = ˜
µνWν∇˜αKA∇˜(αaµ), χ24 = ˜µνKA˜∇˜µWν ,
χ25 = ˜
µν˜∇˜µKAWν , χ26 = ˜µν˜KA∇˜µWν ,
χ27 = ˜
µν∇˜(µ∇˜α)KA∇˜αWν , χ28 = ˜µν∇˜µKA∇˜α∇˜αWν ,
χ29 = ˜
µν∇˜µKA∇˜(α∇˜ν)Wα, χ30 = K2AB˜µνWµaν ,
χ31 = KAB˜
µνWµ∇˜νKA, χ32 = K2A˜µνB∇˜νWµ,
(C.15)
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χ33 = K
2
A˜
µνWµ∇˜νB, χ34 = KALnKAWµaµ, χ35 = K2AaµLnWµ,
χ36 = K
2
AW
µLn aµ, χ37 = K2ALn ∇˜µWµ, χ38 = KAWµLn ∇˜µKA,
χ39 = W
µLnKA∇˜µKA, χ40 = KALnKA∇˜µWµ, χ41 = KA∇˜µKALnWµ,
χ42 = K
2
AWµK
µν
S aν , χ43 = K
2
AKSWµa
µ, χ44 = K
2
A∇˜µWνKµνS ,
χ45 = K
2
AKS∇˜µWµ, χ46 = KA∇˜µKAKµνS Wν , χ47 = KAKS∇˜µKAWµ,
χ48 = K
2
AWν∇˜µKµνS , χ49 = K2AWµ∇˜µKS , χ50 = K3A˜µνEµWν .
Note that, in building this list of independent expressions, one has to take into account
dimensionally dependent identities which are derived from the requirement that, for any
space tangent tensor in 2 + 1 dimensions, the antisymmetrization of 3 or more indexes
vanishes. An example of such an identity is WαKA˜
µνaµ∇˜(νaα) = χ9 − χ6.
The boost transformations of the ghost number zero expressions are given by:
δB
W
φ1 =4χ1 − 12χ2 − 8χ3,
δB
W
φ2 =4χ1 + 2χ5 + 6χ10 + 4χ11,
δB
W
φ3 =− 6
4
χ1 − 2χ4 + 2χ7 + 2χ8 + 2χ9 − 6χ12 + 4χ14 − 10χ19
+ 4χ20 + 6χ34 + 6χ35 − 6χ42 + 2χ43,
δB
W
φ4 =− 2χ1 − 2χ2 − 2χ3 + 2χ6 − 6χ17 + 4χ22,
δB
W
φ5 =χ1 + 3χ3 + 2χ4 + 2χ13 + 2χ15 + 2χ16 − 4χ17 + 4χ18 − 4χ19
+ 4χ20 + 4χ21 − 4χ23 − 6χ24 − 4χ25 − 6χ26 − 8χ27 − 16χ28 + 12χ29
− 4χ34 + 4χ36 + 4χ38 + 4χ39 + 12χ40 + 12χ41 − 4χ42 + 4χ45
− 12χ46 + 8χ47 + 4χ49,
δB
W
φ6 =8χ5,
δB
W
φ7 =4χ7 + 4χ8 + 8χ9,
δB
W
φ8 =− 2χ5 + 4χ6 + 2χ10 + 2χ11,
δB
W
φ9 =− 4χ6 − 4χ17 + 4χ22,
δB
W
φ10 =− 4χ6 + 4χ9 − 4χ17 + 4χ18 − 4χ23,
δB
W
φ11 =− 1
2
χ1 − 2χ7 − 2χ8 − 2χ9 − 2χ12
+ 2χ14 + 2χ16 − 4χ19 + 2χ20 + 2χ35 − 2χ42 − 2χ43,
δB
W
φ12 =− χ1 + χ3 − 2χ13 − 2χ15 − 4χ16 + 4χ17 − 4χ18 + 4χ19
− 4χ20 − 4χ21 + 4χ23 − 2χ24 − 2χ25 − 2χ26 − 4χ27
− 6χ28 + 4χ29 + 4χ34 − 4χ36 − 4χ38 − 4χ39
+ 4χ41 + 4χ42 − 4χ45 − 4χ46 − 8χ47 − 4χ49,
δB
W
φ13 =− χ2 + 2χ30 + 4χ31 + 6χ32,
δB
W
φ14 =χ10 + 4χ30,
δB
W
φ15 =− χ17 − 2χ30 + 2χ31 + 2χ32,
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δB
W
φ16 =− 1
4
χ1 − χ12 + 2χ33 + χ35 − χ42,
δB
W
φ17 =− χ19 + 2χ31,
δB
W
φ18 =
1
4
χ3 − χ28 + χ29 + χ41 − χ46,
δB
W
φ19 =− χ24 − 2χ33,
δB
W
φ20 =− χ26 − 2χ31,
δB
W
φ21 =− 1
2
χ5 − χ7 + 1
2
χ10 − 4χ42 + 2χ43,
δB
W
φ22 =
1
4
χ1 − χ6 − χ7 + χ9 + χ10 − χ12 − χ13 − χ34 − χ35 + χ42 − χ43 − 2χ49,
δB
W
φ23 =− χ8 + χ11 − χ21 − 2χ47,
δB
W
φ24 =
1
2
χ6 − χ9 + 1
2
χ17 − χ18 − 2χ42 + χ43 − 2χ44 + χ45 − 2χ46 + χ47,
δB
W
φ25 =− 1
4
χ1 − 1
2
χ6 − 1
2
χ10 − 1
2
χ13 + χ34 + χ35 + 3χ42 − χ43 − 2χ48 + χ49,
δB
W
φ26 =− 1
2
χ11 +
1
2
χ19 − χ20 − 1
2
χ21 − 2χ46 + χ47,
δB
W
φ27 =− 1
4
χ3 − χ20 − χ22 − χ23 + χ29 − χ39 − χ41 + χ46 − χ47,
δB
W
φ28 =
1
2
χ2 +
1
2
χ4 + χ12 +
1
2
χ13 − 1
2
χ16 + χ17
+
1
2
χ24 − χ34 − 2χ35 + 3χ37 + χ38 + 2χ40 + 2χ41
+ 4χ42 − 2χ43 + 6χ44 + 2χ46 − χ47 + 8χ48 − 4χ49,
(C.16)
δB
W
φ29 =
1
4
χ3 +
1
2
χ19 +
1
2
χ21 − 1
2
χ22 +
1
2
χ28 + χ39 + χ41 + 3χ46 − χ47,
δB
W
φ30 =− χ14 + 1
2
χ15 − 1
2
χ26 + χ27 − 2χ46 + χ47,
δB
W
φ31 =− χ6 − χ7 + χ9 + χ10 + 3χ34 + 2χ35 − 2χ36 − 4χ42 + 3χ43,
δB
W
φ32 =− χ14 + χ15 + χ20 + χ21 − χ34 + 2χ38,
δB
W
φ33 =χ8 − χ11 − χ20 − χ22 − χ23 + 3χ39 + 2χ41 − 4χ46 + 3χ47,
δB
W
φ34 =− χ32 − χ33 − χ35 + χ37 + 2χ42 − χ43 + 2χ44 + 2χ48 − χ49 + 2χ50,
δB
W
φ35 =− χ31 + χ41,
δB
W
φ36 =− χ30 + χ35 − 2χ50,
δB
W
φ37 =2χ32,
δB
W
φ38 =− χ34 + 2χ38 + χ41 − 2χ46,
δB
W
φ39 =2χ39,
δB
W
φ40 =χ35 + χ36 + χ37 − 2χ42 + χ49,
δB
W
φ41 =χ34 + χ40 + χ47,
δB
W
φ42 =2χ42 + 2χ44,
δB
W
φ43 =2χ43 + 2χ45,
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Overall, we find a 4-dimensional space of boost invariant combinations in this sector,
as expected from the null reduction arguments outlined in subsection 5.3.1. To allow for an
easier comparison with the null reduction, we choose a basis for this space that corresponds
to the various (parity even) scalars of the analogous (3 + 1)-dimensional manifold with
nD = 4 derivatives. The expressions in this basis are given by:
βR
2
1 =φ1 − 3φ2 − 4φ4 +
9
4
φ6 + 6φ8 + 4φ9 − 4φ13 + 6φ14 + 8φ15 + 4φ37,
βR2 =−
3
2
φ2 + φ3 + φ5 − 3
2
φ7 − 3φ10 − 5φ11 − 2φ12 − 2φ16 − 2φ17 − 4φ18
− 2φ19 − 2φ20 − 6φ21 + 6φ22 + 6φ23 + 6φ31 − 6φ32 − 6φ39 − 12φ41 − 6φ43,
βW
2
3 =φ1 + 2φ4 + φ9 − 16φ13 − 16φ15 + 12φ17
+ 12φ18 + 12φ23 − 12φ27 + 24φ29 + 12φ33 − 72φ35 + 64φ37 − 36φ39,
β
E4
4 =φ2 + φ7 − 2φ8 − 2φ9 + 2φ10 + 4φ14 + 4φ15 + 4φ16 + 4φ17 + 12φ21 − 4φ22
− 4φ23 + 8φ24 + 8φ25 + 8φ26 − 4φ31 − 8φ33 + 8φ34 + 16φ35 + 8φ36
+ 12φ39 − 8φ40 − 4φ43,
(C.17)
where βR
2
1 , β
R
2 , β
W2
3 and β
E4
4 are proportional to the (3 + 1)-dimensional manifold
curvature scalars R23+1 , 3+1R3+1 , W 2 and E4 respectively.11
The identification of these combinations with the corresponding (3 + 1)-dimensional
scalars was made using the following arguments:
1. Start by identifying the (2 + 1)-dimensional expression corresponding to the (3 + 1)-
dimensional Ricci scalar R3+1. This is a boost invariant expression with nD = dσ = 2,
and therefore belongs to the (0, 2, 0) sector. It can be easily checked that there is
only one independent boost invariant expression in this sector, given by:
βR = R̂− 2∇˜αaα − 2BKA − 3
2
a2. (C.18)
2. R23+1 is then identified with β
R2
1 = (β
R)2.
3. Next, identify 3+1R3+1 with the following expression:12
βR2 = ˜βR + aµ∇˜µβR , (C.19)
where βR is given in equation (C.18).
4. The (3+1)-dimensional Weyl tensor squared W 2 is identified with βW
2
3 by noting
that it is the only boost-invariant combination which is Weyl invariant (this can be
verified using the Weyl transformations detailed later in (C.23)).
11Here, R3+1 is the Ricci scalar, W
2 is the Weyl tensor squared and E4 is the Euler density of the
(3 + 1)-dimensional manifold.
12It is easy to check that the operator ˜+ aµ∇˜µ corresponds to the (3 + 1)-dimensional 3+1, either by
noting that (˜+ aµ∇˜µ)φ is a total derivative, or using the null reduction directly.
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5. The (3 + 1)-dimensional Euler density is identified with β
E4
4 by noting that it is the
only boost-invariant combination which is both a total derivative and contains no
derivatives of order greater than 2.
Next, we turn to the Weyl cohomology itself. The independent Weyl-ghost number
one expressions in this sector read:
ψ1 = R̂a
α∇˜ασ, ψ2 = ∇˜ασ∇˜αR̂, ψ3 = aα∇˜ασ∇˜βaβ,
ψ4 = a
2aα∇˜ασ, ψ5 = ∇˜α(a2)∇˜ασ, ψ6 = ∇˜ασ∇˜α∇˜βaβ,
ψ7 = R̂˜σ, ψ8 = ˜σ∇˜αaα, ψ9 = ∇˜(α∇˜β)σ∇˜(αaβ),
ψ10 = ˜σa2, ψ11 = ∇˜(α∇˜β)σaαaβ, ψ12 = aα˜∇˜ασ,
ψ13 = ˜2σ, ψ14 = B∇˜ασ∇˜αKA,
ψ15 = KA∇˜ασ∇˜αB, ψ16 = KABaα∇˜ασ,
ψ17 = KAB˜σ, ψ18 = K˜αβS ∇˜ασKAaβ,
ψ19 = KAKS ˜
αβ∇˜ασ aβ, ψ20 = KA∇˜ασ∇˜βK˜αβS ,
ψ21 = K˜
αβ
S ∇˜ασ∇˜βKA, ψ22 = ˜αβKA∇˜ασ∇˜βKS ,
ψ23 = ˜
αβKS∇˜ασ∇˜βKA, ψ24 = ∇˜(α∇˜β)σKAK˜αβS ,
ψ25 = ˜
αβLn σ∇˜αKAaβ, ψ26 = ˜αβKA∇˜ασLn aβ,
ψ27 = ˜
αβ∇˜ασLnKA aβ, ψ28 = ˜αβ∇˜ασLn ∇˜βKA,
ψ29 = ˜
αβKALn ∇˜ασ aβ, ψ30 = ˜αβLn ∇˜ασ∇˜βKA,
ψ31 = K
2
AE
α∇˜ασ, ψ32 = KALnKALn σ,
ψ33 = K
2
ALn 2σ, ψ34 = K2AKSLn σ.
(C.20)
We define Ii =
∫ √−g σφi and Li = ∫ √−g σψi. We also define the boost invariant
integrated ghost number one expressions:
IR
2
1 =
∫ √−g σβR21 , IR2 = ∫ √−g σβR2 ,
IW
2
3 =
∫ √−g σβW23 , IE44 = ∫ √−g σβE44 . (C.21)
Note that L1−34 are not all independent, as they are related using integration by parts via
the following formulas:
L7 =− L1 − L2,
L8 =− L3 − L6,
L9 =− 1
2
L1 − 1
2
L5 − L6 − 2L18 + L22 + L23 + 2L26 + L28,
L10 =− L4 − L5,
L11 =− L3 − L4 − L5/2 + 2L19 + 2L27,
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L13 =L1 + L3 + L4 + L5 + L6 − 2L12 + 4L18
− 2L19 − 4L26 − 4L27 − 8L32 − 8L34,
(C.22)
L17 =− L14 − L15 − L16,
L24 =− L18 − L20 − L21,
L29 =− 1
2
L25 − 1
2
L26 − 1
2
L27 − L32 − L34,
L30 =− 1
2
L28 − L32,
L33 =− 2L32 − L34.
The Weyl transformations of the ghost number zero expressions are given by:
δWσ φ1 =− 4ψ7,
δWσ φ2 =− 2ψ10 + 4ψ1,
δWσ φ3 =− ψ1 + 2ψ2 − 2ψ12 + 4ψ18 − 2ψ19 + 4ψ25 + 8ψ29,
δWσ φ4 =− 2ψ8 + 2ψ7,
δWσ φ5 =− 4ψ2 − 2ψ7 − 2ψ13,
δWσ φ6 =8ψ4,
δWσ φ7 =4ψ5 − 2ψ4 + 4ψ11 − 8ψ19 − 8ψ27,
δWσ φ8 =4ψ3 + 2ψ10,
δWσ φ9 =4ψ8,
δWσ φ10 =4ψ9 − 2ψ5 + 4ψ27 + 4ψ19 + 2ψ3,
δWσ φ11 =2ψ6 − 2ψ3 + 2ψ12 − 4ψ25 − 8ψ29 − ψ1 − 4ψ18 + 2ψ19,
δWσ φ12 = −4ψ6 − 2ψ8 + 2ψ13, δWσ φ13 = −2ψ17,
δWσ φ14 = 4ψ16, δ
W
σ φ15 = 2ψ17,
δWσ φ16 = 2ψ15 − 2ψ16, δWσ φ17 = 2ψ14,
δWσ φ18 = −2ψ14, δWσ φ19 = −4ψ15 − 2ψ17,
δWσ φ20 = 0, δ
W
σ φ21 = 4ψ18,
δWσ φ22 = 2ψ22 + 2ψ19 − 2ψ29, δWσ φ23 = −2ψ25 + 2ψ23,
δWσ φ24 = −2ψ18 + 2ψ24, δWσ φ25 = 2ψ20,
δWσ φ26 = 2ψ21, δ
W
σ φ27 = 2ψ23 − 2ψ30 − 2ψ25,
δWσ φ28 = −2ψ20, δWσ φ29 = 0,
(C.23)
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δWσ φ30 = −2ψ21, δWσ φ31 = 2ψ26 − 2ψ29,
δWσ φ32 = −2ψ28, δWσ φ33 = −2ψ30,
δWσ φ34 = −2ψ31, δWσ φ35 = 0,
δWσ φ36 = 2ψ31, δ
W
σ φ37 = 0,
δWσ φ38 = −2ψ32, δWσ φ39 = 0,
δWσ φ40 = −2ψ34 + 2ψ33, δWσ φ41 = 2ψ32,
δWσ φ42 = 2ψ34, δ
W
σ φ43 = 4ψ34.
The Weyl transformations of the integrated ghost number one boost invariant expres-
sions are given by:
δWσ I
R2
1 = 12L2 − 18L5 − 24L6 − 24L14 − 24L15,
δWσ I
R
2 = 0,
δWσ I
W2
3 = 0,
δWσ I
E4
4 = 0.
(C.24)
There are therefore ncc = 3 independent cocycles in this sector given by E1 = IR2 , E2 =
IW
2
3 and E3 = I
E4
4 . This is as expected from the relativistic cohomology in 3+1 dimensions.
For the calculation of the coboundaries we used the following formulas for integration
by parts of the integrated Weyl-ghost number one expressions:∫ √−gψ1 =− I2 − I3 − I4,∫ √−gψ2 =− I3 − I5,∫ √−gψ3 =− I8 − I9 − I11,∫ √−gψ4 =− I6 − I7 − I8,∫ √−gψ5 =− (I2 + I7 + 2I10 + 2I11 + 4I21 − 4I22 − 4I23 − 4I31
+ 4I32 + 4I39 + 8I41 + 4I43),∫ √−gψ6 =− I11 − I12,∫ √−gψ7 =I2 + 2I3 + I4 + I5,∫ √−gψ8 =I8 + I9 + 2I11 + I12,∫ √−gψ9 =I2 + 1
2
I3 +
1
2
I4 +
1
2
I7 + I10 + 2I11 + I12 + 4I21 − 3I22 − 3I23 + 2I24
+ 2I25 + 2I26 − 2I31 + 2I32 − 2I33 − 6I38 − 6I40 − 8I41 − 2I43,
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∫ √−gψ10 =I2 + I6 + 2I7 + I8 + 2I10 + 2I11 + 4I21
− 4I22 − 4I23 − 4I31 + 4I32 + 4I39 + 8I41 + 4I43,∫ √−gψ11 =I2/2 + I6 + 3
2
I7 + 2I8 + I9 + I10 + 2I11
+ 2I21 − 2I31 − 2I39 − 4I41 − 2I43,
(C.25)
∫ √−gψ12 =− 3
2
I2 − 1
2
I3 − 1
2
I4 − I6 − 2I7 − 2I8 − I9 − 2I10 − 4I11 − I12
− 6I21 + 3I22 + 3I23 − 2I24 − 2I25 − 2I26 + 4I31 − 2I32
+ 2I33 + 8I38 + 4I39 + 8I40 + 18I41 + 6I43,∫ √−gψ13 =I2 + I6 + 2I7 + 2I8 + I9 + 2I10 + 4I11 + I12
+ 4I21 − 4I22 − 4I23 − 4I31 + 4I32 + 4I39 + 8I41 + 4I43,∫ √−gψ14 =− I18 − I20 − I17,∫ √−gψ15 =− I19 − I18 − I16,∫ √−gψ16 =− I16 − I17 − I15 − I14,∫ √−gψ17 =I15 + 2I16 + 2I17 + 2I18 + I19 + I20 + I14,∫ √−gψ18 =− I21 − I25 − I26 − I24,∫ √−gψ19 =I23 + I22 − 2I41 − 2I43,∫ √−gψ20 =− I25 − I29 − I28,∫ √−gψ21 =− I26 − I30 − I29,∫ √−gψ22 =− I22 − I27 − 2I40,∫ √−gψ23 =− I23 − 2I41 + I27,∫ √−gψ24 =I21 + I24 + 2I25 + 2I26 + I28 + 2I29 + I30,∫ √−gψ25 =− I32 − I33,∫ √−gψ26 =− I33 − 2I38 − 4I41 − 2I40 − 2I43,∫ √−gψ27 =− I32 − 2I39 − 2I41,∫ √−gψ28 =− 2I38 − 2I39 − 2I41,
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∫ √−gψ29 =I32 + I33 + 2I38 + 2I39 + 2I40 + 6I41 + 2I43,∫ √−gψ30 =2I38 + 2I39 + 2I41,∫ √−gψ31 =− I36 − 2I35 − I34,∫ √−gψ32 =− I41 − I39 − I38,∫ √−gψ33 =2I38 + 2I39 + I40 + 4I41 + I43,∫ √−gψ34 =− I40 − 2I41 − I43.
We find only one (ncb = 1) independent coboundary which is F1 = δ
W
σ G
R2
1 = −12IR2 where
GR
2
1 =
∫ √−g βR21 . We are left with two (nan = 2) anomalies given by A(0,4,0)W2 = IW23 (which
is B-type) and A(0,4,0)
E4
= I
E4
4 (which is A-type) as expected from the null reduction. The
explicit expressions for the anomalies can be found in equation (5.13).
D The Case without Frobenius and with No Galilean Boost Invariance
In the following appendix we detail the calculations behind the results of the cohomological
analysis for the case in which the Frobenius condition is not satisfied and without Galilean
boost invariance. The calculations are organized according to various sectors as explained
in subsection 5.4. In this case we have no gauge field. We have to include KA since
the Frobenius condition is not satisfied. The equations for classification by sectors (3.20),
(3.22) read:
nT = nKS − nKA + nL,
nS = 2nKA + na + n∇ + 2nR,
2nT + nS = 4.
(D.1)
Like the previous case, this case also contains an infinite number of sectors. We focus on
the sectors with nD = nT + nS < 4 and the parity even sector with nD = 4.
D.1 The (2,0,0), (2,0,1) and (1,2,0) Sectors
An immediate consequence of equation (D.1) is that for the sectors with two time deriva-
tives and no space derivatives nKA = 0. These sectors are therefore identical to the corre-
sponding sectors in the Lifshitz with Frobenius case, which was analysed in [1]. Therefore
the sector (2,0,0) contains one anomaly, given by:
A
(2,0,0)
1 =
∫ √−g σ [Tr(K2S)− 12K2S
]
, (D.2)
and the (2,0,1) sector is empty. The (1,2,0) sector is also unchanged from the Frobenius
case as there are no TPD invariant expressions involving KA in this sector. There are
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therefore no anomalies in this sector. This conclusion holds for any value of z as explained
in [1].
D.2 The (1,2,1) Sector
As explained in [1] the cohomological analysis for sectors with a single time derivative can
be performed for a general value of z (at least when the gauge field associated with the
particle number is not involved). This is because these sectors satisfy equation (3.22) for
any value of z, and the independent expressions in these sectors remain the same for all
values of z. We call these sectors universal. Since the (1,2,1) sector is one of these universal
sectors, we keep z as a general parameter in the following analysis.
This sector contains the following ghost number zero expressions:
φ1 = K˜
αβ
S aαaβ, φ2 = ∇˜α∇˜βK˜αβS , φ3 = ˜αβaαLn aβ,
φ4 = K˜
αβ
S ∇˜αaβ, φ5 = ∇˜αK˜αβS aβ, φ6 = ˜αβ∇˜αK˜Saβ,
φ7 = KA Tr(K
2
S), φ8 = KAK
2
S , φ9 = KALnKS ,
φ10 = (LnKA)KS , φ11 = Ln 2KA.
(D.3)
The Weyl ghost number one expressions are:
ψ1 = ∇˜µσ K˜µαS aα, ψ2 = ∇˜µσ ∇˜αK˜µαS , ψ3 = ∇˜µσ ˜µαKSaα,
ψ4 = ∇˜µσ ˜µα∇˜αKS , ψ5 = ∇˜µσ ˜µαLn aα, ψ6 = Ln σKAKS ,
ψ7 = Ln σLnKA, ψ8 = ∇˜µ∇˜νσ K˜µνS , ψ9 = ∇˜µLn σ ˜µαaα,
ψ10 = Ln 2σKA.
(D.4)
We define Ii =
∫ √−g σφi and Li = ∫ √−g σψi. Note that L8−10 are not independent
terms, as they are related to L1−7 via integration by parts:
L8 = −L1 − L2,
L9 = −1
2
L5 − L6 − L7,
L10 = −L6 − L7.
(D.5)
The Weyl transformations of the integrated ghost number one expressions are given
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by δWσ Ii = −MijLj where:
Mij =

2z 0 0 0 0 0 0
z − 2 −z 0 0 0 0 0
0 0 0 0 32z z z
−z − 2 −z 0 0 0 0 0
2− z z 0 0 0 0 0
0 0 −z −z −1 −2 −2
0 0 0 0 0 2 0
0 0 0 0 0 4 0
0 0 0 0 0 −z − 2 −2
0 0 0 0 0 z − 2 2
0 0 0 0 0 2− z −2

. (D.6)
There are ncc = 5 independent cocycles in this sector, given by:
E1 = I2 + I5,
E2 = I1 + I4 + I5,
E3 = −2I7 + I8,
E4 = 2I7 + I9 + I10,
E5 = I10 + I11.
(D.7)
For the calculation of the coboundaries we used the following formulas for integration
by parts of the integrated Weyl-ghost number one expressions:∫ √−gψ1 = −I1 − I4 − I5,∫ √−gψ2 = −I2 − I5,∫ √−gψ3 = −I6 − 2I8 − 2I10,∫ √−gψ4 = I6 − 2I9,∫ √−gψ5 = −2I8 − 2I9 − 4I10 − 2I11,∫ √−gψ6 = −I8 − I9 − I10, (D.8)∫ √−gψ7 = −I10 − I11,∫ √−gψ8 = I1 + I2 + I4 + 2I5,∫ √−gψ9 = 2I8 + 2I9 + 4I10 + 2I11,
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∫ √−gψ10 = I8 + I9 + 2I10 + I11,
The coboundary space is of dimension ncb = 4, and we choose the basis:
F1 = δ
W
σ G1 = −2zE2,
F2 = δ
W
σ G2 = zE1 + (2− z)E2,
F3 = δ
W
σ G3 = −4zE3 − 4zE4 − 4zE5,
F6 = δ
W
σ G6 = (2z + 4)E3 + (2z + 4)E4 + 4E5,
(D.9)
where Gi =
∫ √−g φi. We therefore conclude there is nan = 1 possible anomaly in this
sector, which is B-type (trivial descent), and given by (up to coboundary terms):
A
(1,2,1)
1 = −
1
2
E3 =
∫ √−g σKA [Tr(K2S)− 12K2S
]
. (D.10)
Note that this is different from the Frobenius Lifshitz case (see [1]), where there are no
possible anomalies in the corresponding sector.
D.3 The (0,4,0) Sector
For the analysis of this sector we can reuse parts of the analysis of appendix C.5. The
analysis is similar except we do not restrict to boost invariant expressions and the gauge
field is no longer present. The ghost number zero expressions are given by φ1−φ12, φ21−φ33
and φ38 − φ43 of equation (C.14). The Weyl-ghost number one expressions are given by
ψ1 − ψ13 ψ18 − ψ30 and ψ32 − ψ34 of equation (C.20). We keep the same numbering here.
We again use Ii =
∫ √−gσφi to denote the integrated Weyl-ghost number one expressions.
We find that there are ncc = 16 cocycles in the Weyl cohomology given by:
E1 = 2I42 − I43,
E2 = − I38 − I41,
E3 = − I39,
E4 = − I23 + I27 − I33,
E5 = − I26 − I30,
E6 = − I29,
E7 = − I25 − I28,
E8 = I1 − I2 − 2I3 + I4 − I5 − I8 − 2I11 − I12,
E9 = − I1 − 2I4 − I9,
E10 = − 2I1 − I2 − 4I4 − 2I6 − 3I7 − 2I10 − 4I21
+ 4I22 + 12I23 − 8I27 + 4I31 − 8I32 − 4I43,
E11 = − 2I23 + 2I27 + I32 − 2I41,
(D.11)
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E12 = 2I1 + I2 + 4I4 + 2I6 + 3I7 + 2I10
+ 4I21 − 4I22 − 4I23 − 4I31 + 4I32 − 4I40,
E13 = I21 + I24 + I25 − I30,
E14 = − I1 + 2I2 + 2I3 − I6 − I7 − I12,
E15 = I1 − I2 − I3 + I4 + I6 + I7 − I11,
E16 = − I6 − I7 − I8.
There are ncb = 12 independent coboundaries:
F1 = − 4I2 − 8I3 − 4I4 − 4I5,
F2 = − 6I2 − 4I3 − 4I4 − 2I6 − 4I7 − 2I8 − 4I10 − 4I11
− 8I21 + 8I22 + 8I23 + 8I31 − 8I32 − 8I39 − 16I41 − 8I43,
F3 = 4I2 + 2I4 − 2I5 + 2I6 + 4I7 + 4I8 + 2I9 + 4I10 + 8I11
+ 2I12 + 8I21 − 8I22 − 8I23 − 8I31 + 8I32 + 8I39 + 16I41 + 8I43,
F4 = − 8I6 − 8I7 − 8I8,
F5 = − 2I2 + 6I6 + 4I7 + 10I8 + 4I9 − 4I10 − 8I21 + 8I22 + 8I23
+ 8I31 − 8I32 − 8I39 − 16I41 − 8I43,
F6 = 6I2 + 2I3 + 2I4 + 4I7 − 2I8 − 2I9 + 8I10+
10I11 + 4I12 + 24I21 − 16I22 − 16I23 + 8I24 + 8I25 + 8I26
− 16I31 + 12I32 − 8I33 − 24I38 − 24I40 − 32I41 − 8I43,
(D.12)
F7 = − 4I21 − 4I24 − 4I25 − 4I26,
F8 = 2I23 − 2I27 − 2I32 − 2I33 − 4I38 − 4I39 − 8I40 − 16I41 − 8I43,
F9 = − 2I23 + 2I27 + 2I32 + 2I33 − 4I41,
F10 = 4I21 + 4I24 + 6I25 + 6I26 + 2I28 + 4I29 + 2I30,
F11 = − 2I25 − 2I28 − 2I29,
F12 = − 2I23 + 2I27 + 2I32 + 2I33 − 4I38 − 4I39 − 8I41.
We are therefore left with nan = 4 anomalies, all of which are B-type:
A1 = I42 − 1
2
I43,
A2 = I38 + I41,
A3 = I26 + I30,
A4 = I1 + 2I4 + I9.
(D.13)
The explicit expressions can be found in equation (5.17).
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